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Abstract
Let OK be a complete discrete valuation ring with algebraically closed residue field of
positive characteristic and field of fractions K. Let XK be a torsor under an elliptic curve
AK over K, X the proper minimal regular model of XK over S := Spec(OK), and J the
identity component of the Ne´ron model of Pic0XK/K . We study the canonical morphism
q : Pic0X/S → J which extends the natural isomorphism on generic fibres. We show that q
is pro-algebraic in nature with a construction that recalls Serre’s work on local class field
theory. Furthermore, we interpret our results in relation to Shafarevich’s duality theory for
torsors under abelian varieties.
Keywords: Elliptic fibrations, models of curves, Shafarevich pairing, abelian varieties, Picard
functor, pro-algebraic groups.
MSC[2010] : 14K15, 14K30.
Introduction
This paper concerns some local studies of torsors under an elliptic curve, or more generally, under
an abelian variety. In the following, let OK be a complete discrete valuation ring with field of
fractions K and algebraically closed residue field k of positive characteristic p > 0. Let π ∈ OK
be a uniformizer of OK . Let S := Spec(OK), denote by s its closed point and by i : Spec(k)→ S
the usual closed immersion. Let AK be an elliptic curve over K and XK a torsor under AK
of order d. Then XK is a smooth projective K-curve whose jacobian is canonically isomorphic
to A′K , the dual of AK (see Lemma 2.1.1 (i)). Let X be the proper minimal regular model of
XK over S. In general X is not cohomologically flat in dimension 0 over S (i.e., the canonical
morphism k → H0(Xs,OXs) is not an isomorphism), and the relative Picard functor Pic
0
X/S is
not representable, not even by an algebraic space. Nevertheless, the functor Pic0X/S is not very
far from being representable. For example, let J denote the identity component of the Ne´ron
model of JK := Pic
0
XK/K
over S. In [21], 2.3.1, (see § 1.1 for a brief summary) it is shown that
there exists an epimorphism of fppf-sheaves
q : Pic0X/S −→ J
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that extends the natural isomorphism on generic fibres. This morphism plays a very important
role in a recent work of Liu, Lorenzini and Raynaud where, by considering the induced map
Lie(q) between the Lie algebras of Pic0X/S and J , together with a result of T. Saito, the authors
prove a beautiful result about the geometry of the scheme X, namely that the Kodaira type of
the special fibre Xs of X is exactly d times the Kodaira type of the special fibre of the minimal
regular S-model of the elliptic curve JK ([16], Theorem 6.6).
One of the aims of this paper is to study the morphism q in order to reveal other interesting
properties. More precisely, consider the surjective map induced by q on the S-sections (see the
end of § 1.1 for the surjectivity of q):
q = q(S) : Pic0(X) = Pic0X/S(S) −→ J(S).(1)
Since the gcd of the multiplicities of the irreducible components ofXs is d (see Lemma 2.1.3), one
finds thatD := 1dXs is a well-defined effective divisor ofX, whose sheaf of ideals I := OX(−D) ⊂
OX is invertible of order d, and generates the kernel of q. With the help of Greenberg realization
functors, one can show that the morphism q is in fact pro-algebraic in nature, and we get a short
exact sequence of pro-algebraic groups over k (see § 1.2 for a review on pro-algebraic groups and
Greenberg realizations):
(2) 0 // Z/dZ // Pic0(X)
q // J(S) // 0 ,
where the second map is given by sending 1¯ ∈ Z/dZ to OX(D) ∈ Pic
0(X)(k) = Pic0(X) (see
Corollary 3.4.4 and (87)).
One of the main results of this paper shows that the morphism q in (1) can be thought as
an analogue of the norm map studied by Serre in his work on local class field theory [25]. Let
us first briefly review Serre’s results. Let L/K be a finite Galois extension of K with Galois
group ΓL/K , and let UK (respectively UL) be the group of units of the valuation ring OK of K
(respectively OL of L). Since the Brauer group Br(K) is trivial ([5], 8.1, p. 203), the usual norm
map
(3) NL/K : UL // // UK
is surjective. By using the Greenberg realization functors, one can show that the morphism
NL/K is pro-algebraic in nature. This means that NL/K is the morphism on k-rational points
induced by a morphism of pro-algebraic groups:
(4) NL/K : UL // // UK .
On the other hand, the two pro-algebraic groups in (4) are naturally filtered: for each n ≥ 1,
one can define a pro-algebraic subgroup UnK of UK whose group of k-rational points is given by
the group UnK of n-units in K:
UnK(k) = U
n
K := ker
(
UK −→ (OK/π
nOK)
×) .
Hence UK has the following filtration by pro-algebraic subgroups:
. . . ⊂ Un+1K ⊂ U
n
K ⊂ . . . ⊂ U
1
K ⊂ U
0
K := UK .
Similarly, UL has the following filtration
. . . ⊂ Un+1L ⊂ U
n
L ⊂ . . . ⊂ U
1
L ⊂ U
0
L := UL.
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In [25], 3.4, Serre proved that these two filtrations are in fact compatible with respect to the
norm map (4). More precisely, for each n ∈ Z≥0, the map NL/K in (4) sends U
ψ(n)
L onto U
n
K ,
where ψ = ψL/K : Z≥0 → Z≥0 is the Herbrand function attached to the extension L/K and used
to define the upper numbering of the ramification filtration of the Galois group ΓL/K .
In the situation of the present article, the two pro-algebraic groups Pic0(X) and J(S) are
also naturally filtered: for each n ≥ 1, we define in § 3.1 a pro-algebraic subgroup P[n](S) of
Pic0(X) (respectively J [n](S) of J(S)) whose group of k-rational points is given by
P[n](S)(k) ∼= ker
(
Pic0(X) −→ Pic0(Xn)
)
,
(
resp. J [n](S)(k) ∼= ker (J(S) −→ J(Sn))
)
,
whereXn is the closed subscheme ofX defined by the ideal sheaf I
n, and Sn := Spec(OK/π
nOK).
The family of pro-algebraic subgroups {P[n](S) : n ≥ 1} (respectively {J [n](S) : n ≥ 1}) gives
a decreasing filtration of Pic0(X) (respectively of J(S)). In order to compare these two filtra-
tions by means of the morphism q in (2), we define at the beginning of § 2.2 a numerical function
ψ, whose value at a positive integer n is the smallest integer m ≥ 1 such that the OK -module
H1(Xm,OXm) is of length n. The function ψ appears to be an analogue of Serre’s Herbrand
function mentioned above and was introduced in [23]. With this notation, the first main result
of this paper can be stated as follows
Theorem (See 3.4.3 and 3.4.4). The morphism q in (2) maps P[ψ(n)](S) onto J [n](S).
The proof of the above theorem requires a careful analysis of the length of the torsion part
of the group H1(X,OX). This length is completely determined in 2.3.1 and 2.3.2.
A second goal of this paper is to study the short exact sequence (2) in the framework of the
duality theorems for abelian varieties. By using the short exact sequence (2), we get, for each
torsor XK of order d, an element of the group Ext
1(J(S),Z/dZ) of extensions in the category
of Serre pro-algebraic groups. More generally, considering torsors of order dividing d we can
actually define a natural map of sets (see § 5, first paragraph, for details):
(5) Φd : dH
1
fl(K,JK) −→ Ext
1(J(S),Z/dZ).
This construction is analogous to the one used in [25] to relate the Galois group ΓabK of the
maximal abelian extension of the field K with the fundamental group of the pro-algebraic group
UK : namely, let L/K be a finite abelian extension with Galois group ΓL/K , and let VL be
the kernel of the norm map NL/K in (4). One then has the following short exact sequence of
pro-algebraic groups
0 // VL // UL
NL/K // UK // 0 .(6)
The above sequence provides a homomorphism π1(UK) → π0(VL) between the fundamental
group of the pro-algebraic group UK and the group of connected components of VL. Moreover,
there is a canonical isomorphism τ : π0(VL) → ΓL/K (cf. [25], 2.3). Now, the push-out of the
sequence (6) via the composition of τ with the canonical homomorphism VL → π0(VL) provides
an element of Ext1(UK ,ΓL/K), hence a homomorphism π1(UK)→ ΓL/K , where ΓL/K coincides
with its component group because it is a finite group. By passing to the limit on L, Serre
obtained a homomorphism θ : π1(UK)→ Γ
ab
K . There exists then a homomorphism
(7) θ∗ : H1(K,Z/dZ)
∼
−→Hom(ΓabK ,Z/dZ) −→ Hom(π1(UK),Z/dZ)
∼
←−Ext1(UK ,Z/dZ),
which is in fact an isomorphism (cf. [25], 4.1). From this fact Serre deduced the main result of
[25], namely that θ is an isomorphism, and thus provided a “geometric” characterization of ΓabK .
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Now, our construction of the morphism Φd is an analogue of Serre’s construction. Hence it
makes sense to ask if the map Φd is an isomorphism too. To answer this question, we then come
to the second main result of this paper, which gives a new construction of Shafarevich’s pairing
using the relative Picard functor. Since this discussion also holds for abelian varieties of higher
dimension, let us, more generally, consider an abelian K-variety AK , and a torsor XK under AK
of order d. Let A′0 be the identity component of the Ne´ron model of the dual abelian variety and
Gr(A′0) its perfect Greenberg realization (see § 1.2). Assume K of mixed characteristic. It is
known (cf. [1], 8.2.3) that it is still possible to associate withXK an extension of the pro-algebraic
group Gr(A′0) by Z/dZ hence, by push-out, an extension of Gr(A′0) by Q/Z. Now, using the
canonical isomorphisms Ext1(Gr(A′0),Q/Z)
∼
← Ext1(Gr(A′),Q/Z)
∼
→ Hom(π1(Gr(A
′)),Q/Z)
(cf. [24], 5.4), the above association provides an isomorphism
(8) H1fl(K,AK)
∼
−→ Hom(π1(Gr(A
′)),Q/Z) (Shafarevich duality)
(cf. [1], 8.3.6). In general, the isomorphism in (8) was proved by Shafarevich for the prime-
to-p parts ([27], p. 96), and by Bester and the first author, respectively in [4], 7.1, and [2],
Theorem 3, for K of equal positive characteristic; there are also related results of Vvedenskiˇı
on elliptic curves ([29]). In the fourth section of the paper, after recalling the construction
of Shafarevich’s duality (8) in the case of mixed characteristic (see §4.2), we slightly modify
Be´gueri’s construction using rigidificators to make it work in any characteristic. We get in
this way a morphism Ξ: H1fl(K,AK) → Ext
1(Gr(A′0),Q/Z) (see Proposition 4.3.3). Then we
construct a morphism Ξ′ via the relative Picard functor (see Theorem 4.4.1) and we show that Ξ′
always coincides with the modified Be´gueri construction Ξ and thus with Shafarevich’s duality
(8) for K of characteristic 0. In the characteristic p case, the morphism Ξ′ coincides with (8)
on the prime-to-p parts (see Proposition 4.5.1). The analogous result for the p-parts, although
expected, is still open.
In the fifth section of the paper, using the canonical isomorphism A′0
∼
→ J induced by the
one in Lemma 2.1.1 (i), as a direct corollary of the previous study of Shafarevich’s pairing, we
show that the map Φd in (5), only defined for AK an elliptic curve, is an injective morphism
of groups (see Corollary 5.3.3). Furthermore if d is prime to p, or with no restriction on d
in the mixed characteristic case, Φd can be identified with the restriction of (8) to the d-
torsion subgroups via the isomorphism Ext1(Gr(A′0),Z/dZ)
∼
→ Hom(π1(Gr(A
′)),Z/dZ). In
particular Φd is an isomorphism. This is done by showing that, in the case of elliptic curves, the
homomorphism π1(Gr(A
′)) → Z/dZ corresponding to the short exact sequence (2) coincides
with the homomorphism associated with XK via the morphism Ξ
′.
This paper arises from the confluence and the comparison of the results contained in the
preprints [3] and [28]. Section 2 presents detailed proofs of results contained in the unpublished
manuscript [23].
1 The Picard functor and the Greenberg functor
In this section we recall well-known results on Picard functors and Greenberg functors. Let
S := Spec(OK) be the spectrum of a discrete valuation ring OK , K the fraction field of OK ,
and k the residue field. Let Sch/S denote the category of S-schemes and Ab the category of
abelian groups. By a curve over S we will mean an S-scheme X → S whose geometric fibres
are pure of dimension 1.
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1.1 The Picard functor
Let f : X → S be a proper morphism of schemes. Let
PicX/S : Sch/S −→ Ab
denote the relative Picard functor of X over S, i.e., the fppf sheaf associated with the presheaf
S′ 7→ Pic(X ×S S
′). It is also the sheaf for the e´tale topology associated with the presheaf
S′ 7→ Pic(X ×S S
′) ([21], 1.2).
Suppose furthermore that f is proper and flat. In general the functor PicX/S is not repre-
sentable. It is representable by an algebraic S-space if and only if X/S is cohomologically flat in
dimension 0, i.e., if the formation of the direct image f∗OX commutes with base change. Even
when PicX/S is not representable, it has a nice presentation by algebraic S-spaces. To see this
fact, we recall the notion of rigidificator. Given a morphism of schemes S′ → S and a morphism
of S-schemes i : Y → X, i′ : Y ′ → X ′ will denote the base change of i along S′ → S.
Definition 1.1.1 ([5] 8.1/5). Let i : Y →֒ X be a closed immersion of S-schemes with Y finite
and flat over S. One says that (Y, i) is a rigidificator of PicX/S if the following condition holds:
for any S-scheme S′, the map
Γ(i′) : Γ(X ′,OX′) −→ Γ(Y
′,OY ′)
is injective.
In the sequel let f : X → S be proper and flat, and let (Y, i) be a rigidificator of PicX/S ;
it exists by the hypothesis on f ([21], proposition 2.2.3 (c)). For any scheme S′ over S, an
invertible sheaf on X ′ rigidified along Y ′, is a pair (L, α), where L is an invertible sheaf on
X ′ and α : OY ′ ∼= i
′∗L is an isomorphism (i.e., α is a trivialization of i′∗L). An isomorphism
between two rigidified invertible sheaves (L, α), (M, β), onX ′ is an isomorphism of OX′-modules
u : L →M such that the following diagram commutes:
i′∗L
i′∗u // i′∗M
OY ′
α
bb❊❊❊❊❊❊❊❊❊ β
;;✇✇✇✇✇✇✇✇✇
.
Let (PicX/S , Y )(S
′) denote the set of isomorphism classes of invertible sheaves on X ′ rigid-
ified along Y ′. As S′ varies in the category of S-schemes (Sch/S), the association S′ 7→
(PicX/S , Y )(S
′) defines a functor of abelian groups (PicX/S , Y ), called the rigidified Picard func-
tor of X/S relative to the rigidificator Y . Concerning its representability we have:
Theorem 1.1.2 ([21], 2.3.1 & 2.3.2). Let f : X → S be a proper flat morphism. Then the
functor (PicX/S , Y ) is representable by an algebraic space over S, locally of finite presentation.
Furthermore, if dim(X/S) ≤ 1, the algebraic space (PicX/S , Y ) is formally smooth over S.
One has a canonical morphism of sheaves of groups r : (PicX/S , Y ) → PicX/S , that forgets
the rigidification. E´tale locally on S′, any element in PicX/S(S
′) is represented by an invertible
sheaf on X ′ such that its pull-back to Y ′ is trivial (this is possible since Y is finite). Hence r
is an epimorphism for the e´tale topology. To study the kernel of r, let V ∗X (respectively V
∗
Y )
denote the fppf sheaf on Sch/S, given by S′ 7→ Γ(X ′,OX′)
∗ (respectively by S′ 7→ Γ(Y ′,OY ′)
∗).
These sheaves are representable by S-schemes (cf. [21], 2.4.0). By definition of rigidificator the
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natural map V ∗X → V
∗
Y is injective. Let u : V
∗
Y → (PicX/S , Y ) be the map defined as follows on
S′-sections, S′ an S-scheme:
a ∈ V ∗Y (S
′) = Γ(YS′ ,O
∗
YS′
) 7−→ (OXS′ , αa) ∈ (PicX/S , Y )(S
′)
where αa : OYS′ → OYS′ = OXS′ |YS′
is the multiplication by a. Clearly im(u) ⊂ ker(r) and thus
one obtains a complex of fppf sheaves over S:
0 −→ V ∗X −→ V
∗
Y
u
−→
(
PicX/S , Y
) r
−→ PicX/S −→ 0,(9)
which is exact for the e´tale topology ([21], 2.1.2(b), 2.4.1).
We assume for the remainder of the section that the discrete valuation ring OK is strictly
henselian with algebraically closed residue field. In particular, the Brauer group Br(K) is triv-
ial. Let f : X → S be a proper and flat curve with geometrically connected fibres. Denote
by P (respectively by (P, Y )) the open subfunctor of PicX/S (respectively of (PicX/S , Y )) con-
sisting of invertible sheaves of total degree 0 (respectively of invertible sheaves of total degree
0 rigidified along Y ). Then (P, Y ) is an open algebraic subspace of (PicX/S , Y ), and P is the
schematic closure of
(
PicX/S
)0
K
in PicX/S , while (P, Y ) is the schematic closure of (PicX/S , Y )
0
K
in (PicX/S , Y ). Denote by E the schematic closure of the unit section of PK in P, and define Q
as the fppf quotient of P by E. It is the biggest separated quotient of P. It is representable by
a separated group scheme over S ([21], 3.3.1). Denote by q the canonical map
(10) q : P −→ Q;
it is surjective for the fppf topology, and it induces an isomorphism on generic fibres since EK
is the unit section of PK = Pic
0
XK/K
.
Theorem 1.1.3 ([16], 3.7). Let f : X → S be a proper and flat curve with X regular and
f∗OX = OS. Then the group scheme Q/S is the Ne´ron model of PK = Pic
0
XK/K
.
Suppose then X regular. Denote by J := Q0 the identity component of Q, and by Pic0X/S
the subsheaf of P ⊂ PicX/S of invertible sheaves of degree 0 on each irreducible component of X
(for the definition of F 0 when F is a sheaf on S, see [21], 3.2 (d)). Since the functor Pic0X/S has
connected fibres, the restriction to Pic0X/S of q in (10) factors through the identity component
J of Q. By abuse of notation, the same letter q will denote the induced map:
(11) q : Pic0X/S −→ J.
Finally, since Br(K) = 0, the following map
(P, Y )0(S) = (PicX/S , Y )
0(S) // // J(S) ,
induced by the morphism r in (9) is surjective (see the proof of 9.6/1 of [5]); hence so too is the
morphism (again denoted by q) induced by (11):
(12) q = q(S) : P0(S) = Pic0X/S(S)
// // J(S) .
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1.2 Pro-algebraic groups and Greenberg functor
From now on, we suppose that the discrete valuation ring OK is complete with algebraically
closed residue field k. In the following, a pro-algebraic group over k is a pro-object in the category
of k-group schemes of finite type (see [19], I.4). This notion does not coincide with the notion of
pro-algebraic groups introduced by Serre in [24] (§ 2.1 De´finition 1), where the author considers
the category of k-group schemes, but up to purely inseparable morphisms. Since we use both
categories, we call the objects of the latter abelian category (see [24], §2.4, Proposition 7) Serre
pro-algebraic groups and denote them with bold letters.
Let G be a smooth group scheme of finite type over S. The Greenberg functors allow
us to construct a pro-algebraic group over k, associated with G, whose group of k-points is
G(S). Let us recall the construction. Denote by W the ring of Witt vectors of k and by W
the Witt functor on the category of k-algebras Alg/k. Let n ∈ Z≥1 and OK,n := OK/πnOK .
Then OK,n is canonically a W -module of finite length. Let Rn be its associated Greenberg
algebra (see [14], Appendix A), which is by definition the fpqc sheaf on Alg/k associated with
the pre-sheaf: A 7→ OK,n ⊗W W(A). One defines then Grn(G) as the sheaf on Alg/k given by
A 7→ G(Rn(A)). It is representable by a smooth k-group scheme of finite type ([7], Proposition 7,
and [8], Corollary 1). For any n ≥ 2, the canonical map OK,n → OK,n−1 induces a smooth
morphism of k-group schemes αn : Grn(G)→ Grn−1(G), whose kernel is a connected unipotent
k-group scheme. Furthermore the canonical map G(OK,n) → Grn(G)(k) is an isomorphism.
Thanks to this identification the morphism αn(k) : Grn(G)(k)→ Grn−1(G)(k) is identified with
the canonical morphism G(OK,n) → G(OK,n−1). The algebraic k-groups Grn(G) form then a
projective system {(Grn(G), αn)}n≥1 of algebraic k-groups with smooth transition maps having
connected kernels. We will denote the latter projective system by Gr(G) and call it the Greenberg
realization of G.
As explained in [17], III § 4, the perfect group schemes Grn(G) associated with the k-group
schemes Grn(G) are quasi-algebraic groups in the sense of [24], 1.2, and hence the projective
system Gr(G) := {(Grn(G), αn)}n≥1 determines a pro-algebraic group in the sense of Serre; we
will call it the perfect Greenberg realization of G. The group of k-rational points of Gr(G) is
G(S). For this reason sometimes Gr(G) is denoted by G(S).
Observe that Gr(G) is defined for any smooth S-scheme, but it may not be a Serre pro-
algebraic group, since its component group may not be profinite: for example, consider as G the
lft Ne´ron model of Gm,K ([5], 10.1/5); then Gr(G) is the projective limit of perfect k-schemes
having component group Z. The functor Gr is exact on smooth S-group schemes (see [4],
Lemma 1.1).
Recall that the identity component G0 of a Serre pro-algebraic group G is defined as the
smallest closed subgroup G′ of G such that G/G′ has dimension zero ([24], 5.1/1). In the
category of Serre pro-algebraic groups, the component group functor π0, which maps G to
G/G0, admits a left derived functor π1 which is left exact. We list below some well-known facts
used in this paper. By simply assuming them, the reader unfamiliar with the theory of Serre
pro-algebraic groups will be able to follow the proofs.
(i) If Y is a smooth S-group scheme of finite type, then Gr(Y 0) ∼= Gr(Y )0, π0(Gr(Y )) is
isomorphic to the component group of the special fibre Ys, and π1(Gr(Y )) is a profinite
group.
(ii) If P is a Serre pro-algebraic group and P 0 is its identity component, then π1(P ) ∼= π1(P
0).
(iii) A complex of smooth S-group schemes of finite type 0 → Y1 → Y2 → Y3 → 0 which is
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exact on S-sections provides a long exact sequence of profinite groups (cf. [24], 10.2/1)
0→ π1(Gr(Y1))→ π1(Gr(Y2))→ π1(Gr(Y3))→
→ π0(Gr(Y1))→ π0(Gr(Y2))→ π0(Gr(Y3))→ 0.
Let f : Z → S be a proper morphism of schemes such that Z is of dimension 1 with f(Z) =
{s}. Note that the morphism f then factors through some Sn := Spec(OK,n) →֒ S. For instance,
when X/S is a proper flat curve, one can take Z = X ×S Sn viewed as an S-scheme. For S
′ an
S-scheme, let Pic0(Z ×S S
′) denote the subgroup of Pic(Z ×S S
′) consisting of line bundles L
on Z ×S S
′ such that, for any point s′ ∈ S′ above s ∈ S, the restriction L|Z×S{s′} is of degree
0 on each irreducible component of Z ×S {s
′}. Then we define Pic0Z/S to be the associated fppf
sheaf on S of the following functor
Sch/S −→ Ab, S′ 7→ Pic0(Z ×S S
′).
As the map f is never flat, the Picard functors PicZ/S and Pic
0
Z/S are not representable. However,
as shown by Lipman in [14], the Greenberg realization of the sheaf PicZ/S (respectively of Pic
0
Z/S)
is represented by a smooth k-group scheme. More precisely, assuming that the morphism f
factors through in : Sn = Spec(OK,n) →֒ S, we define Gr(PicZ/S) (respectively Gr(Pic
0
Z/S)) to
be the fppf sheaf associated with the presheaf ([14], 1.8)
Alg/k −→ Ab, A 7→ PicZ/S(Rn(A))
(
resp. A 7→ Pic0Z/S(Rn(A))
)
where, as above, Rn denotes the Greenberg algebra associated with OK,n. Note that the defini-
tion of Gr(PicZ/S) does not depend on the choice of the integer n since Gr(PicZ/S) is isomorphic
to the fpqc associated associated with the presheaf A 7→ Pic(Z ⊗W W(A)) ([14] 1.1 & 1.8); the
same proof shows that Gr(Pic0Z/S)) is also independent of n.
Theorem 1.2.1 ([14]). Let f : Z → S be as above. Then the functor Gr(PicZ/S) (respectively
Gr(Pic0Z/S)) is representable by a smooth k-group scheme (respectively by a smooth and con-
nected k-group scheme), whose dimension is equal to the length of the W -module H1(Z,OZ).
Furthermore, the canonical morphisms
Pic(Z) −→ Gr(PicZ/S)(k), Pic
0(Z) −→ Gr(Pic0Z/S)(k)
are isomorphisms.
Proof. The statements for Gr(PicZ/S) are obtained by combining Theorem 1.2, (1.8), Corol-
lary 8.6 (a) and Theorem 9.1 of [14]. To deduce the corresponding statements for Gr(Pic0Z/S),
let Z ′ := Zred be the maximal reduced closed subscheme of Z. The canonical map Z
′ →֒ Z
induces a morphism between the Picard functors PicZ/S → PicZ′/S , hence also a morphism
u : Gr(PicZ/S)→ Gr(PicZ′/S) between the Greenberg realizations of Picard functors. By Propo-
sition 1.2.2 u is an epimorphism of smooth k-group schemes with ker(u) a smooth connected
unipotent group. On the other hand, by definition, the canonical morphism of sheaves
Pic0Z/S −→ PicZ/S ×PicZ′/S Pic
0
Z′/S
is an isomorphism, from whence we deduce a similar isomorphism between the Greenberg real-
izations:
(13) Gr(Pic0Z/S)
∼
−→ Gr(PicZ/S)×Gr(PicZ′/S) Gr(Pic
0
Z′/S).
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Consequently, the canonical morphism u0 : Gr(Pic0Z/S)→ Gr(Pic
0
Z′/S) is an epimorphism of fppf
sheaves on Spec(k), with kernel isomorphic to ker(u). Now, since Z ′ is reduced, the canonically
map Z ′ → S factors through i1 : Spec(k) →֒ S, and Gr(Pic
0
Z′/S)
∼= Pic0Z′/k (cf. [14], p. 29,
last paragraph) is representable by a smooth connected k-group scheme. Therefore, the sheaf
Gr(Pic0Z/S) is representable and, furthermore, it is isomorphic to Gr(PicZ/S)
0 because u0 is an
epimorphism, with ker(u0) ∼= ker(u) a connected affine k-group scheme. Finally, consider the
following commutative diagram
Pic0(Z) //

Gr(Pic0Z/S)(k)

Pic(Z)×Pic(Z′) Pic
0(Z ′) // Gr(PicZ/S)(k)×Gr(PicZ′/S)(k) Gr(Pic
0
Z′/S)(k)
.
By the definition of Pic0 and (13), both vertical morphisms are bijective. Moreover, by what
we have shown at the beginning of the proof and the fact that Gr(Pic0Z′/S)
∼= Pic0Z′/k, the lower
horizontal morphism is also bijective. Therefore, the upper horizontal morphism is bijective.
This finishes the proof.
Proposition 1.2.2. Let ι : Z ′ →֒ Z be a closed subscheme defined by a nilpotent ideal J ⊂ OZ .
Then the canonical morphism of smooth k-group schemes
u : Gr(PicZ/S) −→ Gr(PicZ′/S)
is an epimorphism. Moreover, ker(u) is a smooth connected unipotent group.
Proof. By Theorem 1.2.1, u is represented by a morphism of smooth k-group schemes. Then u
is an epimorphism as soon as it is surjective on k-rational points. By the previous theorem, we
are reduced to showing that the canonical map Pic(Z) → Pic(Z ′) is surjective. Consider then
the following short exact sequence of abelian sheaves
0 −→ 1 + J −→ O∗Z −→ ι∗O
∗
Z′ −→ 0.
It provides an exact sequence of cohomology groups
H1(Z, 1 + J ) −→ Pic(Z) −→ Pic(Z ′) −→ H2(Z, 1 + J ).
Since dim(Z) = 1, the H2 group on the right vanishes and hence the map Pic(Z) → Pic(Z ′) is
surjective.
By the proof of Proposition 2.5 in [14] (in particular the last paragraph of page 31), ker(u) is
representable by a connected unipotent group scheme over k. It remains to show that ker(u) is
smooth. Let N ⊂ OZ be the nilpotent radical of OZ , and Zn →֒ Z the closed subscheme defined
by JN n ⊂ OZ (n ≥ 0). Then we have Z0 = Z
′ and Zm = Z for m an integer sufficiently large.
In this way, we obtain an ascending sequence of closed subschemes {Zn}n≥0 of Z, and hence a
sequence of surjective morphisms of smooth k-group schemes un : Gr(PicZn+1/S)→ Gr(PicZn/S)
(n ≥ 0). Therefore, in order to prove that ker(u) is smooth, we only need to show that ker(un) is
smooth for all n. Hence, up to replacing Z ′ →֒ Z with Zn →֒ Zn+1, we may assume furthermore
that JN = 0. Now, the proof of 6.4 in [14] shows that ker(u) is isomorphic to the kernel of the
canonical map v : H → H′, where H (respectively H′) denotes the associated fppf sheaf of the
functor
Alg/k −→ Ab, A 7→ H1(ZA,OZA), (respectively A 7→ H
1(Z ′A,OZ′
A
))
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with ZA := Z⊗OK Rn(A) and Z
′
A
:= Z ′⊗OK Rn(A). Both H and H
′ are representable by smooth
k-group schemes ([14], Theorem 1.4 and Corollary 8.4), and v is a surjective morphism of k-
group schemes ([14], Corollary 4.4). To finish the proof, it remains to show that the morphism
v is smooth, or equivalently, that the induced map between the Lie algebras Lie(v) : Lie(H) →
Lie(H′) is surjective ([16] Prop. 1.1 (e)). By [14], Theorem 8.1, Lie(H) has a natural grading by
k-vector subspaces:
Lie(H) =
⊕
i≥0
Liep
i
(H), with Liep
i
(H)
∼
−→ im(µi)
(−i),
where µi = µi,Z is the canonical map H
1(Z, piOZ/p
i+1OZ) → H
1(Z,OZ/p
i+1OZ), and for any
k-vector space V , V (−i) denotes the k-vector space with the same underlying abelian group as
V and the scalar multiplication (a, x) 7→ ap
−i
x for any a ∈ k, x ∈ V . Since the grading is
functorial ([14], p. 77), in order to showing that Lie(v) is surjective, we have to prove that the
map im(µi,Z) → im(µi,Z′) is surjective. Now, since dim(Z) = 1, the surjective morphism of
coherent sheaves piOZ/p
i+1OZ → ι∗
(
piOZ′/p
i+1OZ′
)
induces a surjective map
H1(Z, piOZ/p
i+1OZ) −→ H
1(Z ′, piOZ′/p
i+1OZ′),
and this implies the surjectivity of the map im(µi,Z)→ im(µi,Z).
2 Herbrand functions
Unless explicitly mentioned, the results of this section are directly taken from the unpublished
work [23] of Raynaud. Some of them have already appeared in [12]. In this section and the
next, let K be a complete discrete valued field with algebraically closed residue field k and ring
of integers OK . Let AK be an elliptic curve, XK a torsor under AK over K, and f : X → S the
proper regular minimal model of XK/K over S. Let Xs =
∑r
i=1 niCi be the decomposition of
the special fibre Xs into the sum of its reduced irreducible components, and denote by d the gcd
of the integers ni. Moreover, let D be the divisor of X given by
(14) D :=
1
d
Xs =
r∑
i=1
ni
d
Ci,
and let I be the (locally principal) ideal sheaf of D. The special fibre Xs of X is then defined by
the ideal sheaf Id = πOX ⊂ OX . For each n ∈ Z≥1, let in : Xn →֒ X be the closed immersion
defined by the ideal In ⊂ OX . For L an invertible sheaf (respectively for Σ a divisor) on X
and Z a divisor on X, let L · Z (respectively Σ · Z) denote the intersection number of L and Z
(respectively of Σ and Z). Finally, let φ(n) be the length of the OK-module H
1(Xn,OXn). In
this section, we will first study the function n 7→ φ(n) by means of some numerical invariants
attached to X/S (Lemma 2.1.11). Then we will define from φ two piecewise linear functions ϕ,ψ
(see § 2.2 and the figure therein), which are the analogue of the Herbrand functions in Serre’s
description of local class field theory ([25], § 3) and will be used in the next section.
We recall the following useful result.
Lemma 2.0.1 ([18], p. 332). Let Y → S be a proper flat curve such that Y is regular and such
that YK/K is geometrically irreducible. Let Ys =
∑r
i=1 niEi be the decomposition of the special
fibre Ys into the sum of its reduced irreducible components, and n the gcd of the integers ni.
Assume moreover that ωY/S · Ei = 0 for all i, where ωY/S denotes the dualizing sheaf of Y/S.
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Let finally Y1 be the closed subscheme of Y defined by the ideal sheaf OY (−
∑r
i=1
ni
n Ei) and L
an invertible sheaf over Y1, which is of degree 0 on Ei for all i. Then, if H
0(Y1, L) 6= 0, we have
L ∼= OY1 and H
0(Y1,OY1)
∼= k.
The curve Y1 on Y is indecomposable of canonical type in the sense of [18], p. 330. The
lemma in [18] (p. 332) is stated for an indecomposable curve of canonical type on a smooth
proper algebraic surface defined over an algebraically closed field. However, one can check that
the proof there works in our setting too.
2.1 Study of the dualizing sheaf
We begin with two classical results. Recall that, given a morphism of K-group schemes α : G→
H and a morphism of K-schemes f : Y → Z , with G (respectively H) acting on Y (respectively
Z), the morphism f is said to be equivariant with respect to α if f(g · y) = α(g) · f(y) for any
g ∈ G and any y ∈ Y .
Lemma 2.1.1. Let AK be an elliptic curve over K, and XK/K a torsor under AK . Let
JK := Pic
0
XK/K
be the jacobian of XK/K.
(i) There is a canonical isomorphism of elliptic curves ι : A′K
∼
−→ JK , where A
′
K denotes the
dual of AK .
(ii) Let σ : AK → JK be the isomorphism obtained by composing the isomorphism α : AK
∼
−→
A′K , sending a ∈ AK(K) to OAK (a−o) ∈ A
′
K(K) (here o ∈ AK(K¯) is the neutral element),
with the isomorphism ι in (i). Then the canonical map ψ : XK → Pic
1
XK/K
mapping x
to OXK (x) is equivariant with respect to the isomorphism σ, where Pic
1
XK/K
is the Picard
scheme which classifies the line bundles of degree 1 on XK . In particular, under the
identification given by σ, the (class of the) torsor XK in H
1
fl(K,AK) corresponds to the
(class of the) torsor Pic1XK/K in H
1
fl(K,JK).
Proof. The first fact is proved in [22], XIII, 1.1. For the second fact, in order to verify that
the morphism ψ is equivariant with respect to the morphism σ, by descent, we need only
prove the corresponding statement over a separable closure K¯ of K. Over K¯, the isomorphism
σ : AK¯ → JK¯ can be explicitly described by mapping a ∈ AK¯ to the class of OXK¯ (a·x0−x0) with
x0 ∈ XK(K¯). Hence to show the desired property of (ii), we are reduced to proving the following
isomorphism between line bundles on XK¯ : for any x ∈ XK¯(K¯), and any a ∈ AK¯(K¯) we have
OXK¯ (a·x)
∼= OXK¯ (a·x0−x0)⊗OXK¯ (x), or equivalently, OXK¯ (a·x0−x0)
∼= OXK¯ (a·x−x). Indeed,
since the isomorphism ιK¯ is independent of the choice of x0, we have σ(a) = ιK¯,x0(α(a)) =
[OXK¯ (a · x0 − x0)] = ιK¯,x(α(a)) = [OXK¯ (a · x− x)].
Remark 2.1.2. In [22], XIII, 1.1, the conclusion in 2.1.1 (i) is proved for any abelian variety
AK .
Lemma 2.1.3. Let d1 be the order of (the class of) the torsor XK in the group H
1
fl(K,JK), d2
the minimal degree of extensions K ′ of K such that XK(K
′) 6= ∅, and d3 the minimum of the
multiplicities of the irreducible components of Xs. Then d1 = d2 = d3 = d, with d as in (14).
Proof. We will prove this Lemma by showing that d ≤ d1 ≤ d2 ≤ d3 ≤ d. Let n ∈ Z>0.
By Lemma 2.1.1 (ii), the class n[XK ] ∈ H
1(K,AK)
∼
→ H1(K,JK) can be represented by the
irreducible component PicnX/S of PicXK/K which classifies the invertible sheaves of degree n.
Hence, the class n[XK ] ∈ H
1(K,AK) is trivial if and only if Pic
n
XK/K
(K) 6= ∅. On the other
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hand, since OK is strictly henselian with algebraically closed residue field, we have Br(K) = 0.
Hence, PicnXK/K(K) = Pic
n(XK). As a result, d1 is also the minimum of the degrees of the
divisors with positive degree on XK . Now, let ΣK ⊂ XK be any divisor with positive degree,
and let Σ be its schematic closure in X. Then we have deg(ΣK) = Σ ·Xs = Σ · (dD) = d(Σ ·D).
Hence d|deg(ΣK), in particular d ≤ deg(ΣK). As a result, we get d ≤ d1. Next, by definition
of d2, there exists a closed point of degree d2 on XK , hence a divisor of degree d2 on XK , so
we have d1 ≤ d2. Since OK is strictly henselian, for each i, we can find a positive divisor ∆i of
X/S of degree ni ([5] 9.1/10). In particular, we have d2 ≤ ni for each i, hence we get d2 ≤ d3.
Finally, to see that d3 ≤ d, note that a suitable combination of ∆i gives us a divisor ∆
′ of degree
d of XK . In general, the divisor ∆
′ might not be positive, but since XK is of arithmetic genus 1,
and d ≥ 1, we have h0(XK ,OXK (∆
′
K)) > 0. Hence there exists a positive divisor ∆K of degree
d of XK which is linearly equivalent to ∆
′
K . Let ∆ := ∆K be the schematic closure of ∆K in
X. Then we have
d = deg(∆K) = ∆ ·Xs = d(∆ ·D).
In particular, ∆ · D=1, and ∆ ∩ D = {y} consists of only one point, and D is regular at y.
Let Ci be the irreducible component of D passing through y, then Ci is of multiplicity d in Xs,
whence d3 ≤ d. This completes the proof.
Since S is an affine Dedekind scheme andX is regular, by a result of Lichtenbaum ([15] 8.3.16),
X is projective over S. Let ωX/S denote the canonical (invertible) sheaf of f : X → S (see [15],
6.4.7, for the definition and [15], 6.4.32, for the fact that it is isomorphic to the dualizing sheaf).
Since XK/K is smooth projective curve of genus 1 and the formation of the canonical sheaf is
compatible with flat base change ([15], 6.4.9(b)), one finds that (ωX/S)|XK
∼= ωXK/K
∼= OXK
([15], Example 7.3.35). For any n ≥ 0, let
ωn := i
∗
n(ωX/S(Xn)) = i
∗
n(ωX/S ⊗OX OX(Xn)).
Let fn denote the composite of in : Xn →֒ X and f : X → S. Then we have
(15) ωn = i
∗
n(ωX/S ⊗OX OX(Xn)) = i
∗
n(ωX/S ⊗OX I
n∨) ∼= i∗nωX/S ⊗OXn (I
n/I2n)∨,
where F∨ := HomX(F ,OX ) for any coherent sheaf F on X. The following lemma is well-known.
Lemma 2.1.4. (i) We have f !OS ∼= ωX/S [1] and f
!
nOS
∼= ωn respectively in the derived
category of quasi-coherent sheaves on X and on Xn.
(ii) Let F be a coherent sheaf on Xn. Then we have a canonical isomorphism of OK-modules
HomOK (H
1 (Xn,F),OK/π
mOK)
∼
−→ H0(Xn,F
∨ ⊗ ωn)
for any integer m ≥ n.
Proof. (i). Since the structure morphism X → S is projective, it factors into a closed immersion
ι : X →֒ Y := PNS for some N , followed by the projection g : Y → S. Observe that by the
smoothness and projectivity of g we have ωY/S = det Ω
1
Y/S := Ω
N
Y/S, and g
!OS = ωY/S [N ] in
the derived category of quasi-coherent sheaves on Y ([11], Corollary 3.4 p. 383 and proof of
Theorem 4.1 p. 389). Let J ⊂ OY denote the ideal sheaf defining ι. Then ι
∗(J /J 2) is a locally
free OX -module of rank N − 1 ([15], Corollary 6.3.8). By [15] 6.4.7, we have
(16) ωX/S ∼= ι
∗(det Ω1Y/S)⊗OX det
(
ι∗(J /J 2)
)∨
.
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Since f = g ◦ ι, from the functoriality of (−)! with respect to compositions of morphisms of finite
type, we have the following isomorphisms in the derived category of quasi-coherent sheaves on
X
f !OS ∼= ι
!(g!OS) ∼= ι
!(ωY/S [N ]) ∼= (ι
!ωY/S)[N ].
By the computation of ι! in [11], III, Corollary 7.3, recalling that ωX/Y := det
(
ι∗(J /J 2)
)∨
([11]
p. 140–141, Definition (b)), we get
ι!ωY/S ∼= ι
∗ωY/S ⊗OX det
(
ι∗(J /J 2)
)∨
[1−N ] ∼= ωX/S [1−N ],
where we use (16) for the latter isomorphism. We conclude, then, that f !OS ∼= ι
!ωY/S[N ] ∼=
ωX/S [1], as asserted. The isomorphism f
!
nOS
∼= ωn can be derived in exactly the same way, after
recalling that fn = f ◦ in with ιn : Xn → X a regular immersion of codimension 1.
(ii). The Grothendieck-Serre duality theorem ([11], VII, Corollary 3.4 (c)) implies a canonical
isomorphism
(17) RHomS(Rfn∗F ,OS)
∼
−→ RHomXn(F , f
!
nOS).
Now, Rifn∗F is the Zariski sheaf associated with the presheaf U 7→ H
i(Xn ×S U,F|Xn×SU ), for
any i ∈ Z. Consequently, since Xn is a scheme of dimension 1, Rifn∗F = 0 for i 6= 0, 1. As a
result, Rfn∗F has bounded cohomology. Furthermore, R
ifn∗F is the coherent OS-module whose
group of global sections is Hi(Xn,F); for i = 0 the fact is evident since R
0fn∗F = fn∗F , while
for i = 1 one uses Grothendieck spectral sequence Hi(S,Rjfn∗F) ⇒ H
i+j(Xn,F) ([30], 5.8.2)
and the vanishing of Hi(S, fn∗F) for i > 0, due to the affiness of S.
We next compute the H0 of the left-hand side complex in (17). Consider the following spectral
sequence (see [30] chap. 5, prop. 5.7.6 for the homological version of this spectral sequence, and
the extra sign − is due to the fact that HomS(−,OS) is a contravariant functor)
(18) Ei,j2 = Ext
i
S(R
−jfn∗F ,OS) =⇒ H
i+j(RHomS(Rfn∗F ,OS)).
Since S is the spectrum of a discrete valuation ring, any coherent OS-module R
−jfn∗F admits
a free resolution of length 1. In particular, Ei,j2 = 0 for i 6= 0, 1. Therefore, the differential
maps dr : E
i,j
r → E
i+r,j−r+1
r are all zero for all r ≥ 2. Consequently, E
i,j
∞ = E
i,j
2 , and it is zero
whenever j /∈ {0,−1} or i /∈ {0, 1}. The usual six terms short exact sequence associated to the
Grothendieck spectral sequence provides then an isomorphism
(19) H0 (RHomS(Rfn∗F ,OS))
∼
−→ Ext1S(R
1fn∗F ,OS)
because HomS(fn∗F ,OS) is zero, since S is integral and the stalk of fn∗F at the generic point
is trivial.
On the other hand, by (i), we have f !nOS
∼= ωn in the derived category of quasi-coherent
sheaves on Xn. As a result, we find
(20) H0
(
RHomXn(F , f
!
nOS)
)
∼= H0(RHomXn(F , ωn))
∼= HomXn(F , ωn)
∼= H0(Xn,F
∨ ⊗ ωn).
Now, on applying H0 to both sides of (17), using (19), (20), and recalling that the functor
Γ(S,−) provides an equivalence between the category of quasi-coherent OS-modules and the
category of OK -modules, we get the following isomorphism
Ext1OK (H
1(Xn,F),OK)
∼
−→ H0(Xn,F
∨ ⊗ ωn).
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Finally, since the OK -module H
1(Xn,F) is killed by π
n, we also have
HomOK (H
1 (Xn,F),OK/π
mOK)
∼
−→Ext1OK (H
1(Xn,F),OK)
for any integer m ≥ n.
Lemma 2.1.5 ([23], 3.7.1). For any i = 1, . . . , r, we have ωX/S · Ci = 0.
Proof. Since ωX/S |XK
∼= OXK , we have ωX/S ·Xs = 0, i.e.,
∑r
i=1 ni
(
ωX/S · Ci
)
= 0. In partic-
ular, we get the Lemma if r = 1. Suppose now r ≥ 2; since Ci ·Xs = 0, we obtain Ci · Ci < 0.
If ωX/S · Ci < 0, by [15] Proposition 9.3.10 (a), the divisor Ci is exceptional in the sense of
[15] Definition 9.3.1, which gives us a contradiction with the fact that X/S is a minimal regular
surface. So (ωX/S · Ci) ≥ 0. As a result, ωX/S · Ci = 0 for any i.
Corollary 2.1.6 ([23], 3.7.2). There is a unique integer n, 0 ≤ n < d, such that ωX/S ∼= I
n.
Proof. Since ωX/S |XK
∼= OXK , ωX/S
∼= OX(Y ), with Y a divisor of X with support contained
in Xs. Hence, Y is a combination of the components Ci. On the other hand, according to the
previous Lemma, Y · Ci = 0, we have Y · Y = 0, hence, Y is a rational multiple of Xs ([5],
9.5/10), i.e., Y is linearly equivalent to nD with 0 ≤ n < d, whence the Corollary follows.
The next result is needed in the proof of Proposition 2.3.2.
Corollary 2.1.7 ([23], 3.7.3). Suppose that f : X → S has a section σ. Let J be the ideal sheaf
defining the closed immersion σ : S →֒ X and set ω := σ∗(J /J 2). Then we have a canonical
isomorphism f∗ω
∼
−→ ωX/S.
Proof. By assumption, the torsor XK has a K-rational point; it is then trivial as a torsor under
JK . According to Lemma 2.1.3, we have then d = 1. As a result, ωX/S ∼= OX (Corollary 2.1.6),
and the canonical morphism f∗f∗ωX/S → ωX/S given by adjunction is an isomorphism. On the
other hand, we have:
OS ∼= (fσ)
!OS ∼= σ
!
(
f !OS
)
∼= σ!(ωX/S)[1] ∼= σ
∗ωX/S ⊗ ω
∨,
where the first isomorphism follows from the fact that f ◦ σ = idS , the second one uses the
functoriality of (−)! with respect to compositions of morphisms, the third one is induced from
Lemma 2.1.4 (i), and the last one comes from the calculation of σ! ([11], III, Corollary 7.3).
Hence ω ∼= σ∗ωX/S ∼= σ
∗f∗f∗ωX/S ∼= f∗ωX/S and we get the following canonical isomorphisms
f∗ω ∼= f∗f∗ωX/S ∼= ωX/S , as desired.
Let n ≥ 2 be an integer, and L an invertible sheaf on X, which is of degree 0 on each
component of X1. Consider the following short exact sequence of sheaves over X
0 −→ in−1∗(I|Xn−1) −→ in∗OXn −→ i1∗OX1 −→ 0,
where |Xm stands for the inverse image i
∗
m. By tensoring by the invertible sheaf L
∨⊗ωX/S(Xn) :=
L∨⊗ωX/S ⊗I
n∨ and recalling that ωn := i
∗
n(ωX/S(Xn)), we get the following exact sequence of
sheaves over X
(21) 0 −→ L∨ ⊗ in−1∗ωn−1 −→ L
∨ ⊗ in∗ωn −→ L
∨ ⊗ i1∗(ωn|X1) −→ 0.
Since in∗(L
∨|Xn ⊗ωn) = in∗(i
∗
nL
∨⊗ωn) ∼= L
∨⊗ in∗ωn and L
∨⊗ i1∗(ωn|X1)
∼= i1∗(L
∨|X1 ⊗ωn|X1)
we have the following exact sequence
(22) 0 −→ H0(Xn−1,L
∨|Xn−1 ⊗ ωn−1)
h1−→ H0(Xn,L
∨|Xn ⊗ ωn)
h2−→ H0(X1,L
∨|X1 ⊗ ωn|X1).
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As a result, considering the lengths of the finite OK-modules in (22) and applying Lemma 2.0.1,
we get
(23) h0(Xn−1,L
∨|Xn−1 ⊗ ωn−1) ≤ h
0(Xn,L
∨|Xn ⊗ ωn) ≤ h
0(Xn−1,L
∨|Xn−1 ⊗ ωn−1) + 1.
Lemma 2.1.8 ([23], 3.7.6). For n a positive integer, we have either ωn ∼= L|Xn, and in this case
H0(X1,L
∨|X1 ⊗ ωn|X1)
∼= k and the sequence (22) is right exact, or ωn 6∼= L|Xn , in which case
the canonical morphism h1 : H
0(Xn−1,L
∨|Xn−1 ⊗ ωn−1)→ H
0(Xn,L
∨|Xn ⊗ ωn) is bijective.
Proof. Suppose first that ωn ∼= L|Xn , so that L
∨|Xn ⊗ ωn
∼= OXn . Then the map h2 in (22) can
be identified (in a non canonical way) with the canonical map
(24) H0(Xn,OXn) −→ H
0(X1,OX1).
By Lemma 2.0.1, we have H0(X1,OX1)
∼= k. Hence, every element of H0(X1,OX1) can be lifted
to an element of H0(Xn,OXn). As a result, the map (24) is surjective and hence the complex (22)
is right exact. Thus we obtain the first assertion. Next, suppose ωn ≇ L|Xn . If (L
∨|Xn⊗ωn)|X1 6
∼=
OX1 we conclude by (Lemma 2.0.1) that h2 = 0 and hence h1 is an isomorphism. Suppose then
(L∨|Xn ⊗ ωn)|X1
∼= OX1 and show that still h2 = 0. Let a ∈ H
0(Xn,L
∨|Xn ⊗ ωn). Suppose that
the image of a in H0(X1,L
∨|X1 ⊗ ωn|X1)
∼= k (Lemma 2.0.1) is non-zero. Then a is nowhere
vanishing because its restriction at any point of X1 (i.e., at any point of Xn) is non-zero. Hence
the invertible sheaf L∨|Xn ⊗ ωn is trivial because it admits a nowhere vanishing section. But
this contradicts the hypothesis.
Next we investigate the Picard group of Xn. Let n ≥ 2 be an integer. The kernel of
the surjective morphism Pic(Xn) → Pic(Xn−1) is an OK -module of finite length killed by p.
More precisely, consider the closed immersion i′n−1 : Xn−1 →֒ Xn, given by the ideal sheaf
N := In−1/In ⊂ OXn . The sheaf N is nilpotent (in fact, N
2 = 0), so we get a short exact
sequence of abelian sheaves over Xn:
0 −→ 1 +N −→ O∗Xn −→ i
′
n−1∗O
∗
Xn−1 −→ 0.
Since N2 = 0, the morphism x 7→ 1 + x defines an isomorphism of abelian sheaves
(25) β : N −→ 1 +N.
Since Xn has dimension 1, the cohomology groups H
2(Xn, 1+N) ∼= H2(Xn,N) are zero. In this
way we get the following long exact sequence
(26) H0(Xn−1,O
∗
Xn−1)
∂∗
−→ H1(Xn, 1 +N) −→ Pic(Xn)
α
−→ Pic(Xn−1) −→ 0.
On the other hand, from the following exact sequence of sheaves over Xn:
0 −→ N −→ OXn −→ i
′
n−1∗OXn−1 −→ 0,
we obtain a long exact sequence (recall that H2(Xn,N) = 0):
(27) H0(Xn−1,OXn−1)
∂
−→ H1(Xn,N) −→ H
1(Xn,OXn)
α′
−→ H1(Xn−1,OXn−1) −→ 0.
We have then the following result:
Lemma 2.1.9 (De´vissage d’Oort, [20], Proposition in § 6). Consider the morphisms ∂ and ∂∗
given respectively in (27) and (26) above, then one has β(im(∂)) = im(∂∗).
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As a consequence, ker(α) ∼= coker(∂) (as abelian sheaves). Since N = In−1/In is an OK -
module killed by p, it follows that ker(α) ∼= coker(∂) is an OK-module of finite length killed by
p. Hence the order of I|Xn in Pic(Xn) is equal either to the order of I|Xn−1 , or p times the order
of I|Xn−1 . Let d
′ denote the order of the invertible sheaf I|X1 . Then for any n ≥ 2, the order of
I|Xn is of the form d
′pℓ. On the other hand, since I|XK
∼= OXK , and since the invertible sheaf
I is of order d, by Lemma 6.4.4 in [21], for m ∈ Z sufficiently large, the invertible sheaf I|Xm
is of order divisible by d. Moreover, since I is of order d, the order of I|Xm divides d. Hence
for m ≫ 0, the order of I|Xm is equal to d. Let e ≥ 0 be the integer such that d = d
′pe. For
i = 0, . . . , e, let mi denote the smallest integer n such that I|Xn is of order d
′pi. Let also
φ(n) := h1(Xn,OXn)
be the length of the OK -module H
1(Xn,OXn). By Lemma 2.1.4 (ii) (with F = OXn), φ(n) =
h0(Xn, ωn). Therefore, according to the first inequality of (23) we have φ(n) ≥ φ(n − 1).
Similarly, by Lemma 2.1.4 again, φ(n) > φ(n − 1) if and only if h0(Xn, ωn) > h
0(Xn−1, ωn−1),
hence if and only if ωn ∼= OXn , in which case φ(n) = φ(n− 1)+ 1 (Lemma 2.1.8). One then gets
from Lemma 2.1.9 the following Corollary:
Corollary 2.1.10. Let n ≥ 2 be an integer. We have either φ(n) = φ(n− 1), in which case the
morphism α : Pic(Xn) → Pic(Xn−1) is an isomorphism, or φ(n) = φ(n − 1) + 1, in which case
ker(α) is an OK-module of length 1, and hence a k-vector space of dimension 1.
Proof. If φ(n) = φ(n−1), the morphism α′ in (27) is an isomorphism, and this implies that ∂ in
(27) is surjective. Consequently, by Lemma 2.1.9, the morphism ∂∗ in (26) is surjective. Hence
α : Pic(Xn) → Pic(Xn−1) is an isomorphism. When φ(n) = φ(n − 1), ker(α
′) ∼= coker(∂) is an
OK -module of length 1. From Lemma 2.1.9, under the identification H
1(Xn,N) ∼= H
1(Xn, 1+N)
induced by the isomorphism β in (25), we get that ker(α) ∼= coker(∂∗) is a OK -module of
dimension 1. Hence ker(α) is a k-vector space of dimension 1, as desired.
Lemma 2.1.11 ([23], 3.7.9). (i) For i = 0, . . . , e, the sheaf ωmi is isomorphic to OXmi .
(ii) For i = 0, . . . , e− 1, there exists an integer ki > 0 such that mi+1 = mi + kid
′pi.
(iii) The integers m ∈ (mi,mi+1] such that φ(m) = φ(m − 1) + 1 are exactly those which can
be written as m = mi + hd
′pi for some integer h.
Proof. (i) Let n > 1 be an integer such that the order of I|Xn is different from that of I|Xn−1 . We
then have φ(n) = φ(n−1)+1, and the canonical map Pic(Xn)→ Pic(Xn−1) has a kernel of length
1 (Corollary 2.1.10). Now use the exact sequence (22) once again. By Lemma 2.1.4 (ii), the
injective morphism H0(Xn−1, ωn−1) → H
0(Xn, ωn) has a non-trivial cokernel, and this implies
that ωn ∼= OXn (Lemma 2.1.8).
For the assertions (ii) and (iii), recall that ωmi = ωX/S(miD)|Xmi , and by Corollary 2.1.6,
there exists an integer n (1 ≤ n ≤ d − 1) such that ωX/S ∼= I
n. Let Lm := ωX/S(mD), then
Lm ∼= I
n−m. But ωmi+1 = Lmi+1 |Xmi+1 = I
n−mi+1 |Xmi+1
∼= OXmi+1 . Hence, ωmi+1 |Xmi =
In−mi+1 |Xmi
∼= OXmi by (i). Since ωmi = I
n−mi |Xmi
∼= OXmi , we have I
mi+1−mi |Xmi
∼= OXmi ,
and thus there exists an integer ki > 0 such that mi+1 = mi + kid
′pi. The same argument
also gives us that, for an integer m so that mi+1 ≥ m > mi and φ(m) > φ(m − 1), we have
ωm ∼= OXm and there exists an integer 0 < h ≤ ki verifying m = mi + hd
′pi. Conversely, let m
be an integer of the form m = mi+hd
′pi (for some 0 < h ≤ ki); we show that φ(m) > φ(m−1).
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We may assume that m < mi+1, hence I|Xm is of order d
′pi. By Lemma 2.1.8, we only need to
show that ωm ∼= OXm . But
ωm = Lm|Xm
∼= In−m|Xm = I
n−mi−hd′pi |Xm = I
n−mi+1+mi+1−mi−hd′pi |Xm
∼= ωmi+1 |Xm ⊗ I
(ki−h)d′pi |Xm
∼= OXm ,
since ωmi+1
∼= OXmi+1 and I|Xm is of order d
′pi. This completes the proof.
2.2 The function ψ
We now come to the key construction of this section. We define a function ϕ : R≥0 → R≥0 such
that the graph of ϕ is just the upper concave envelope of the set {(n, φ(n)) | n ∈ Z≥0} ⊂ R2.
Then ϕ is a continuous piecewise linear function with ϕ(0) = 0, and ϕ(1) = 1 by Lemma 2.0.1.
Since X/S is proper flat of relative dimension 1, by [9] 7.7.5 (the equivalence of conditions (a’)
and (b’) for p = −1) and 7.8.4 (the equivalence of conditions (b) and (e) for p = −2), we have
H1(X,OX )⊗OK OK/π
nOK ∼= H
1(Xnd,OXnd).
Therefore limn→+∞ φ(nd) = +∞ since H
1(X,OX ) ⊗OK K
∼= H1(XK ,OXK ) is of dimension 1
over K. Consequently, the function ϕ : R≥0 → R≥0 is strictly increasing with unbounded image,
hence bijective. Let ψ : R≥0 → R≥0 be its inverse. Then ψ is also continuous and piecewise
linear. For any integer n ≥ 1, ψ(n) is just the smallest integer m ≥ 1 such that φ(m) = n. If
we denote by δn the order of the invertible sheaf I|Xψ(n) , then by Lemma 2.1.11 (iii) we have
(28) ψ(n + 1) = ψ(n) + δn,
and for allm ∈ Z such that ψ(n) ≤ m < ψ(n+1), the morphism of groups Pic(Xm)→ Pic(Xψ(n))
is an isomorphism (Corollary 2.1.10). Observe that δ1 = d
′ with d′ the order of I|X1 . We call the
functions ϕ,ψ : Z≥1 → Z≥1 the Herbrand functions; they are exact analogues of the Herbrand
functions used by Serre in [25], §3.
✲
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To finish this section, we present some corollaries of the previous discussion, which will be use-
ful in the next section. The first follows directly from Lemma 2.1.8, (23), and Lemma 2.1.4 (ii).
Corollary 2.2.1. Let L be an invertible sheaf on X, of degree 0 on each component of X1, and
let n be an integer ≥ 2. Then we have h1(Xn−1,L|Xn−1) ≤ h
1(Xn,L|Xn) ≤ h
1(Xn−1,L|Xn−1)+1.
Moreover, h1(Xn,L|Xn) = h
1(Xn−1,L|Xn−1) + 1 if and only if L|Xn
∼= ωn.
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Corollary 2.2.2 ([23], 3.9.1). Let L be an invertible sheaf on X, of degree 0 on each component
of X1, and let n be an integer ≥ 1. Then, if the morphism i
∗
n : H
1(X,L)→ H1(Xn,L|Xn) is not
bijective, there exists an integer m > n such that L∨|Xm ⊗ ωm is trivial on Xm.
Proof. We first remark that i∗n is surjective, and we have H
1(X,L) ∼= lim←−m≥0H
1(Xm,L|Xm).
Moreover, i∗n is not bijective if and only if there exists m > n such that H
1(Xm,L|Xm) →
H1(Xm−1,L|Xm−1) is not injective. By Lemma 2.1.4, this is equivalent to saying that the injective
morphism H0(Xm−1,L
∨|Xm−1⊗ωm−1)→ H
0(Xm,L
∨|Xm⊗ωm) is not surjective. Hence, we have
L∨|Xm ⊗ ωm
∼= OXm (Lemma 2.1.8) and one concludes.
For L an invertible sheaf onX of degree 0 on each component ofX1, theOK -module H
1(X,L)
is of infinite length if and only if L|XK
∼= OXK , that is, if and only if L is isomorphic to a power
of I = OX(−D) (see the proof of Corollary 2.1.6). Hence when L|XK is not isomorphic to OXK ,
the OK-module H
1(X,L) is of finite length. Moreover, we have
Corollary 2.2.3 ([23], 3.9.2). Let L be an invertible sheaf on X of degree 0 on each component
of X1, and let n ≥ 1 be an integer. Suppose that the OK-module H
1(X,L) is of length ≥ n.
Then L|Xψ(n)
∼= I i|Xψ(n) with i a suitable integer.
Proof. We will prove by induction that, under our assumptions and for any n′, 1 ≤ n′ ≤ n− 1,
the OK -module H
1(Xψ(n′+1)−1,L|Xψ(n′+1)−1) is of length n
′. As a result, the canonical map
H1(X,L)→ H1(Xψ(n)−1,L|Xψ(n)−1) is not bijective (here we define by convention H
1(X0,L|X0) =
0). Hence Corollary 2.2.2 provides an integer m > ψ(n) − 1 such that L|Xm
∼= ωm ∼= I
n¯−m|Xm ,
where n¯ is the integer appearing in Corollary 2.1.6. Since ψ(n) ≤ m, the Corollary follows.
We begin with the case where n′ = 1 (hence n ≥ 2). By Lemma 2.0.1, either the OK -module
H1(X1,L|X1) is of length 1, which is equivalent to saying that L|X1
∼= OX1 , or H
1(X1,L|X1)
is trivial, and, in this case, the natural morphism H1(X,L) → H1(X1,L|X1) is not bijective.
By Corollary 2.2.2 there is then an integer m > 1, such that L|Xm
∼= ωm = ωX/S(Xm)|Xm .
Hence L|X1
∼= ωm|X1 is, isomorphic to I
n¯−m|X1 , again applying Corollary 2.1.6. Thus, in
both cases, we have L|X1
∼= I i|X1 for a suitable integer i. Moreover, for m
′ an integer such
that 1 ≤ m′ ≤ ψ(2) − 1, the canonical morphism Pic0(Xm′) → Pic
0(X1) is bijective (see
Corollary 2.1.10); hence L|Xm′
∼= I i|Xm′ . But ψ(2) = ψ(1)+ δ1 = 1+ δ1, and ωX/S is isomorphic
to a power of I (Corollary 2.1.6), there exists a unique integer m′ such that 1 ≤ m′ ≤ ψ(2)− 1,
and L|Xm′
∼= ωm′(= (ωX/S ⊗I
−m′)|Xm′). Hence, by Lemma 2.2.1, we find that the OK -module
H1(Xψ(2)−1,L|Xψ(2)−1) is of length 1. Suppose now that the above assertion has been verified
for 1 ≤ n′ − 1 < n (with n′ < n). Under the assumptions of the Lemma, the map
H1(X,L) −→ H1(Xψ(n′)−1,L|Xψ(n′)−1)
is not surjective. Hence, there exists an integer m ≥ ψ(n′), such that L|Xm
∼= ωm, and so
L|Xψ(n′)
∼= I i|Xψ(n′) for 0 ≤ i < δn′ . On the other hand, since ψ(n
′ + 1) = ψ(n′) + δn′ (see
(28)), there exists a unique integer m such that ψ(n′) ≤ m ≤ ψ(n′ + 1) − 1, and L|Xm
∼= ωm,
in particular, the OK -module H
1(Xψ(n′+1)−1,L|Xψ(n′+1)−1) is of length n
′. This finishes the
induction, and hence also the proof of the Corollary.
2.3 Numerical studies
We maintain the notation introduced in the beginning of this section. So XK denotes a K-torsor
under an elliptic curve AK , and f : X → S denotes its S-proper regular minimal model. We
consider the S-proper minimal regular model f ′ : X ′ → S of the elliptic curve Pic0XK/K . As a
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result, f ′ has a canonical section given by e, the schematic closure of the identity element of
X ′K in X
′. Its dualizing sheaf is f ′∗ω (with ω defined by the section e, see Corollary 2.1.7). The
main result of this part is that, by using some numerical invariants of X/S, one can then recover
the sheaf ωX/S from the sheaf ω (Lemma 2.3.1).
According to [16], Theorem 3.8, there exists a morphism of OK -modules
τX : H
1(X,OX ) −→ H
1(X ′,OX′)
which extends the natural isomorphism over the generic fibre. Moreover, its kernel is the torsion
part of H1(X,OX ) ([16], 3.1 a)), and the OK-modules ker(τX) and coker(τX) have the same
length. In this section we give an estimate for this length.
By duality, we obtain the following map
τ∨X : H
0(X ′, ωX′/S) ∼=
(
H1(X ′,OX′)
)∨
−→
(
H1(X,OX )
)∨ ∼= H0(X,ωX/S).
On the other hand, we have f ′∗ωX′/S
∼= f ′∗f
′∗ω ∼= ω (see Corollary 2.1.7 with ω defined via the
S-section of f ′ associated with the identity element of X ′K). Hence we get following canonical
map:
τ∨X : ω(S)
∼= H0(X ′, ωX′/S) −→ H
0(X,ωX/S) = f∗ωX/S(S)
which is injective, but not an isomorphism in general. Since S is affine, τ∨X also corresponds to
an injective morphism of sheaves, again denoted by τ∨X :
(29) τ∨X : ω −→ f∗ωX/S .
which gives by adjunction the following non-zero canonical morphism of sheaves on X:
τ∨
′
X : f
∗ω −→ ωX/S .
Since τ∨X is an isomorphism on the generic fibre XK of X, the same holds for τ
∨′
X . Under the
identification given by the restriction of τ∨
′
X to XK , f
∗(ω) and ωX/S are naturally identified with
two OX-submodules of ωXK/K
∼=
(
ωX/S
)
|XK .
Lemma 2.3.1 ([23], pp. 31–32). We have ωX/S = f
∗ω⊗I−χ for a suitable non-negative integer
χ, as submodule of ωXK/K . Moreover, [χ/d], i.e., the biggest integer ≤ χ/d, is the length of the
torsion part of H1(X,OX ).
Proof. Since f∗ω is invertible and the scheme X is regular, the generically injective morphism
τ∨
′
X is automatically injective. By tensoring both sides with ω
−1
X/S , we get an invertible ideal
sheaf
J := f∗ω ⊗ ω−1X/S →֒ OX .
The closed subscheme V (J ) of X defined by J has support contained in Xs. Moreover, the
intersection numbers V (J ) · Ci = 0 for any irreducible component Ci of Xs (Lemma 2.1.5).
Hence the effective divisor V (J ) →֒ X is a multiple of D = X1 = V (I) →֒ X. So one can find
some non-negative integer χ ∈ N such that J = f∗ω ⊗ ω−1
X/S
= Iχ. In other words, we find
the following identification ωX/S = f
∗ω ⊗ I−χ as submodules of ωXK/K . This proves the first
assertion. Under the latter identification, the morphism τ∨
′
X is then obtained from the canonical
map: OX →֒ I
−χ after tensoring both sides by f∗ω. Hence the morphism τ∨X in (29) can now
be described as the following composition:
τ∨X : ω
∼
−→ f∗f
∗ω ∼= f∗(f
∗ω ⊗OX) −→ f∗(f
∗ω ⊗ I−χ) = f∗ωX/S ,
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where the first isomorphism is just the adjunction map, and the third map is induced by the
canonical injection OX →֒ I
−χ. Hence, by using the projection formula
f∗(f
∗ω ⊗ I−χ) ∼= ω ⊗ f∗
(
I−χ
)
,
the morphism τ∨X is obtained from the canonical map OS = f∗OX → f∗ (I
−χ) after tensoring
by the invertible sheaf ω. Now, if we identify these two sheaves as OS-submodule of fK,∗OXK =
OSpec(K) (here fK is the generic fibre of f), we have f∗ (I
−χ) = π−[χ/d]OS ⊂ OSpec(K). Indeed,
if we write f∗(I−χ) = π−rOS for some non-negative integer r, then r is the largest integer r′
such that π−r
′
OS ⊂ f∗(I
−χ). But this last inclusion is equivalent to the inclusion
f∗(π−r
′
OS) = I
−dr′ ⊂ I−χ,
hence is also equivalent to the condition −dr′ ≥ −χ, namely r′ ≤ χ/d. The maximum of the
possible r′ is then given by r = [χ/d], and thus we obtain f∗(I
−χ) = π−[χ/d]OS . Hence, if we
identify ω and f∗ωX/S as OS-submodule of ωK = ω⊗OS OSpec(K), the injection (29) gives us the
following equality inside ωK : f∗(ωX/S) = π
−[χ/d]ω. As a result, we find that coker(τ∨X) and the
torsion part of H1(X,OX ) are both of length [χ/d].
Proposition 2.3.2 ([23], pp. 31–32). Let XK/K be a torsor under an elliptic curve AK . Let
χ ≥ 0 be the integer introduced in Lemma 2.3.1. Then one has
χ = (d− 1) + k0(d− d
′) + k1(d− d
′p) . . . + ke−1(d− d
′pe−1),(30)
where the positive integers ki were introduced in Lemma 2.1.11 and d
′ is the order of the invertible
sheaf I|X1, with d = d
′pe.
Proof. By Lemma 2.1.11, we have φ(me) = 1 + k0 + . . . ke−1, and, for n > me, we have φ(n) =
φ(n−1)+1 if and only if n−me is a multiple of d = d
′pe. In particular, if we write me = hd−a
for non-negative integers h, 0 ≤ a < d, we have φ(me) = φ(hd). Let T be the torsion subsheaf of
M := R1f∗OX . Consider L :=M/T , which is free of rank 1 over S. We have R
1f∗(ind∗OXnd) =
R1f∗ (OX/π
nOX) ∼=M/π
nM. Hence, for n ≥ h, the length of M/πnM, i.e., φ(nd), increases
by 1 with n. This means that T is killed by πh, and that ℓ(M/πnM) = ℓ(T ) + ℓ(L/πnL). In
particular, if we take n = h, we get
(31) φ(me) = φ(hd) = ℓ
(
R1f∗OXhd
)
= ℓ
(
M/πhM
)
= ℓ(T ) + h.
On the other hand, ωme = I
−(χ+me)|Xme is the trivial invertible sheaf (Lemmas 2.1.11, (i) and
2.3.1), and since I|Xme is of order d, there exists an integer α such that χ +me = αd. Hence
χ = (α − h)d + a, and we have ℓ(T ) = [χ/d] = α − h. Thus, (by using the equality (31) and
Lemma 2.3.1), we find that ℓ(T ) = [χ/d] = α− h = φ(me)− h. Hence α = φ(me), and
χ = φ(me)d−me
= (1 + k0 + . . . + ke−1)d− (1 + k0d
′ + . . .+ ke−1d
′pe−1)
= (d− 1) + k0(d− d
′) + k1(d− d
′p) . . . + ke−1(d− d
′pe−1).
Corollary 2.3.3 ([23], 3.8.2). The following conditions are equivalent:
(i) X/S is cohomologically flat in dimension 0.
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(ii) χ < d.
(iii) e = 0.
(iv) I|X1 is of order d.
Moreover, if these conditions are satisfied, we have χ = d− 1.
Proof. The S-scheme X is cohomologically flat in dimension 0 if and only if T , the torsion
subsheaf of R1f∗OX , is trivial, i.e., if and only if ℓ(T ) = [χ/d] = 0; the latter assertion is
equivalent to saying that χ < d, hence (i)⇔(ii). The equivalence between (iii) and (iv) comes
from the definition of e. If e > 0, then by Lemma 2.1.11 (ii) all integers ki are positive and
χ ≥ d by (30). Therefore (ii)⇔(iii).
Remark 2.3.4. Further conditions equivalent to the conditions in Corollary 2.3.3 can be found
in 3.4.5. By the discussion after Lemma 2.1.9, these conditions are satisfied if (d, p) = 1. But
note that, as shown in [21] Remark 9.4.3 (d), it is possible for the equivalent conditions of
Corollary 2.3.3 to be satisfied when p divides d.
3 Filtrations and comparison of the pro-algebraic structures
Recall that OK is a complete discrete valuation ring with field of fractions K and algebraically
closed residue field k of positive characteristic p > 0, and X denotes the proper regular minimal
S-model of a K-torsor XK under an elliptic curve. For each positive integer n we have a
canonical morphism of groups Pic0(X) → Pic0(Xn), from where we obtain a filtration on the
group Pic0X/S(S)
∼= Pic0(X) by the subgroups ker(Pic0(X) → Pic0(Xn)), n ≥ 1. On the other
hand, the group J(S) of the S-points of the identity component J of the Ne´ron model of the
elliptic curve Pic0XK/K is naturally filtered by the subgroups ker(J(S) → J(Sn)), n ≥ 1, where
Sn := Spec(OK/π
nOK). The reader should bear in mind that Xn denotes the closed subscheme
of X defined by the ideal sheaf In and that I ⊂ OX is the ideal sheaf such that I
d = πOX ⊂ OX .
The aim of this section is to study the relation between these two filtrations with respect to the
natural morphism of sheaves q : Pic0X/S → J in (11). The result can be stated in a satisfying
form by using the Greenberg realization functors (see Theorem 3.4.3).
For this construction, we shall make intensive use of the notion of dilatation of an S-scheme.
We recall this construction briefly (see [5], § 3.2, for more details). Let H be a smooth S-scheme
of finite type, W →֒ Hs a closed subscheme over k. Denote by J the ideal sheaf of W →֒ H.
Let BlW (H) denote the blowing-up of H along the center W →֒ H. Then, by definition, the
dilatation of H along the center W →֒ H is the largest open scheme H ′ ⊂ BlW (H) such that the
ideal JOH′ ⊂ OH′ is generated by π. According to [5], 3.2/1, H
′ is a flat S-scheme, satisfying
the following universal property: let Z be a flat S-scheme and v : Z → H a morphism of S-
schemes such that its restriction to special fibres, vs : Zs → Hs, factors through W →֒ Hs, then
there exists a unique S-morphism v′ : Z → H ′ rendering the obvious diagram commutative.
Furthermore, if W is a smooth over k, then H ′ is smooth over S ([5], 3.2/3), and if H is an
S-group scheme, then the same is H ′ (combine [5], 3.2/1 and 3.2/2).
In order to simplify the presentation, for the remainder of the section we will use the following
notation: let n ∈ Z≥0 and m ∈ Z≥0 ∪ {∞} with n ≤ m (by convention n ≤ ∞ for any n ∈ Z≥0).
Denote by P[n,m] the kernel of the canonical morphism of functors Pic0Xm/S → Pic
0
Xn/S
. Here,
we set X∞ = X and Pic
0
X0/S
= 0, the final object in the category of abelian fppf-sheaves on S.
Furthermore let
P[n] := P[n,∞] = ker(Pic0X/S −→ Pic
0
Xn/S
), P[n] := P
[0,n] = Pic0Xn/S .
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In particular, P[0] = Pic0X/S . For any integer n ≥ 1, we define by induction a smooth S-group
scheme J [n] as the the dilatation of J [n−1] along the unit element of the special fibre of J
[n−1]
s
(here, J [0] := J).
Lemma 3.0.1. For any n ∈ Z≥1, we have the following exact sequence:
(32) 0 −→ J [n](S) −→ J(S) −→ J(Sn) −→ 0.
Proof. The map J(S)→ J(Sn) is surjective by the smoothness of J . By the universal property
of dilatations we get inclusions J [n](S) ⊆ J(S) and the exactness of (32) for n = 1. In order
to prove the exactness for n > 1 we need to work with the local description of dilatations as
in [5], § 3.2. Let then U ⊂ J be an open neighbourhood of the zero section 0 := 0J of J , and
f : U → Z := AmS = Spec(OK [x1, . . . , xm]) an e´tale morphism of S-schemes sending 0 ∈ J(S)
to the zero section 0′ := 0Z of Z; see [5], 2.2/11. Up to shrinking U we may assume that
0s ∈ Us(k) is the only point above 0
′
s ∈ Zs(k) = k
m. Let U [n] denote the pre-image of U ⊂ J
via the canonical map J [n] → J . Then, for n ≥ 1, U [n] is the dilatation of U [n−1] along the
closed point 0s ∈ U
[n−1]
s (k) and U [n](S) = J [n](S). Define now inductively Z [0] := Z, and for
n > 0, Z [n] ∼= Spec(OK [π
−nx1, . . . , π
−nxm]) the dilatation of Z
[n−1] along the zero section of
Z
[n−1]
s ; on algebras the canonical map Z [n] → Z [n−1] sends π−n+1xi to π
−n+1xi := π(π
−nxi).
By direct computations, considering Z as an S-group scheme via the isomorphism Z ∼= Gma we
get an exact sequence
(33) 0 −→ Z [n](S) −→ Z(S) −→ Z(Sn) −→ 0
for any n. Moreover, using the e´taleness of f , one shows inductively that f induces a morphism
f [n] : U [n] → Z [n] which identifies U [n] → U with the base change of Z [n] → Z along f . In
particular, f [n] is e´tale, and 0s ∈ U
[n]
s is the only point above the zero section of Z
[n]
s .
Let 0n (respectively 0
′
n) denote the composition of Sn → S with the 0 (respectively 0
′)
section. The morphism f induces a bijection between U [n](S) and Z [n](S) for n ≥ 1. Indeed,
for n = 1, the e´taleness of the map f assures that for any σ ∈ Z(S) that becomes 0′ modulo π
there is a unique σ′ ∈ U(S) that becomes 0 modulo π. For higher n one proceeds by induction
recalling that 01 ∈ U
[n−1](S1) is the only point above 0
′
1 ∈ Z
[n−1](S1), and that the induced
morphism f [n−1] : U [n−1] → Z [n−1] is e´tale.
We are now ready to show that (32) is exact. Take τ ∈ J [n](S) = U [n](S) = Z [n](S) and let
σ := f(τ) ∈ Z(S). Then the reduction of σ modulo πn is 0′n by the exactness of (33). Hence
the reduction modulo πn of τ in U(Sn) must be 0n ∈ U(Sn) since U is e´tale over Z, and 0s is
the only point in Us(k) above 0
′
s. In particular the reduction of τ is 0n ∈ J(Sn) and hence (32)
is a complex. Finally, take τ ∈ J(S) whose reduction modulo πn is 0n ∈ J(Sn). In particular
τ ∈ U(S), and f(τ) ∈ Z(S) is contained in the kernel of the natural map Z(S)→ Z(Sn). Thus,
f(τ) ∈ Z [n](S) = U [n](S) = J [n](S), as desired.
By 3.0.1, one then has a diagram with exact rows and columns
J [n](S) _

J [n](S) _

0 // J [n−1](S) //

J(S) //

J(Sn−1) // 0
0 // J [n−1](S1)
̺n // J(Sn) // J(Sn−1) // 0.
(34)
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3.1 Pro-algebraic structures
Recall that, in this paper, a pro-algebraic group over k is a pro-object in the category of k-group
schemes of finite type (see § 1.2). The aim of this subsection is to show that, with the help of
Greenberg realization functors, the morphism q : Pic0(X)→ J(S) is pro-algebraic in nature.
Let n ≥ 1 be an integer. Consider Gr(P[n]), the Greenberg realization of the Picard functor
P[n] = Pic
0
Xn/S
(Theorem 1.2.1). The natural morphism of functors P[n+1] → P[n] induces
a morphism of smooth k-group schemes αn : Gr(P[n+1]) → Gr(P[n]). Thus we obtain a pro-
algebraic group over k (in the sense of § 1.2)
Gr(Pic0X/S) := {(Gr(P[n]), αn)}n≥1.
Lemma 3.1.1. The morphism αn : Gr(P[n+1])→ Gr(P[n]) is a smooth and surjective morphism
of smooth connected k-group schemes. Moreover, either αn is an isomorphism, in which case
we have φ(n+ 1) = φ(n), or ker(αn) is a k-vector group of dimension 1, in which case we have
φ(n+ 1) = φ(n) + 1.
Proof. By Theorem 1.2.1 (and its proof) Gr(P[n]) is (represented by) a smooth connected k-
group scheme which is the identity component of Gr(PicXn/S). Now, by Proposition 1.2.2 the
canonical map Gr(PicXn+1/S)→ Gr(PicXn/S) is smooth and surjective with connected unipotent
kernel. Hence, so is the restriction of αn to the identity components. One concludes then by
Corollary 2.1.10.
On passing to the projective limit of the perfect group schemes Gr(P[n]) and using the fact
that
Pic0(X) ∼= lim←−
Pic0(Xn) ∼= lim←−
Gr(P[n])(k),
we get a pro-algebraic structure in the sense of Serre on the group Pic0X/S(S) = Pic
0(X). Denote
the Serre pro-algebraic group so obtained by
Pic0(X) := lim←−Gr(P[n]).
Similarly, since P[n](S) = ker(Pic0X/S(S) → P[n](S)), we find that the group P
[n](S) can also
be endowed with a pro-algebraic structure in the sense of Serre, denoted by P[n](S). Thus we
obtain a decreasing filtration of Pic0(X) by pro-algebraic subgroups:
(35) . . . ⊂ P[n+1](S) ⊂ P[n](S) ⊂ . . . ⊂ P[1](S) ⊂ P[0](S) = Pic0(X).
Secondly, from the S-group scheme J , we can construct a pro-algebraic group {(Grn(J), βn)}n≥1,
where each Grn(J) is smooth, and hence a Serre pro-algebraic algebraic group
J(S) := Gr(J) := lim←−Grn(J)
whose group of k-points is J(S). Moreover, the canonical map J(S) = Gr(J)(k)→ Grn(J)(k) =
J(Sn) is also pro-algebraic in nature, hence its kernel can also be endowed with a pro-algebraic
structure. This last pro-algebraic group, according to the short exact sequence (32), is just
the sub-pro-algebraic group J [n](S) ⊂ J(S) induced by the canonical map of S-group schemes
J [n] → J . In this way, we also obtain a decreasing filtration of J(S) by sub-pro-algebraic groups:
(36) . . . ⊂ J [n+1](S) ⊂ J [n](S) ⊂ . . . ⊂ J [1](S) ⊂ J [0](S) = J(S).
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On the other hand, for each integer n ≥ 1, the morphism q : Pic0X/S → J induces a morphism
of functors Pic0X/S ×S Sn = P[nd] ×S Sn → J ×S Sn, hence a morphism of algebraic k-groups:
Gr(P[nd]) −→ Grn(J).
In particular, we obtain a morphism of pro-algebraic groups:
Gr(Pic0X/S) = {(Gr(P[n]), αn)}n≥1 −→ {(Grn(J), βn)}n≥1 = Gr(J).(37)
In this way, we find that the canonical morphism q : Pic0(X) → J(S) is the morphism on
k-rational points induced by a morphism of Serre pro-algebraic groups:
q : Pic0(X) −→ J(S).(38)
In fact, we can be more precise in comparing the two filtrations (35) and (36). The main result
of this section (see Theorem 3.4.3) says that the above filtrations are compatible via q and this
fact suggests that the morphism q should be thought as an analogue of the norm map studied
by Serre in [25] § 3.3-3.4. In order to explore the compatibility between the two filtrations, we
start by proving a useful result on the length of torsion sheaves.
3.2 A result on intersection theory
The results of this section hold for OK any discrete valuation ring; as usual S := Spec(OK) and
s is the closed point of S. In the following, a coherent sheaf on an integral scheme is called a
torsion coherent sheaf if its stalk at the generic point is trivial. Moreover, for a torsion coherent
sheaf T defined over the spectrum of a discrete valuation ring, let ℓ(T ) denote the length of T .
For α ∈ Z(S) an S-point of a separated S-scheme Z, let α(S) be the image of S by α, together
with the reduced subscheme structure.
Proposition 3.2.1. Let Z be a smooth S-scheme of finite type and ξ a generic point of its
special fibre Zs. Let α : S → Z be a section of Z/S such that α(s) ∈ {ξ} ⊂ Zs. Let M be a
coherent sheaf on Z, whose support Supp(M) is pure of codimension 1 in Z. Suppose that the
stalk Mξ of M at ξ is of length ℓ as a torsion OZ,ξ-module, and that α(S) * Supp(M).
(1) We have ℓ(α∗M) ≥ ℓ, with equality if and only if the following conditions are satisfied:
the support of M at α(s) is contained in Zs, i.e., {ξ} ⊂ Zs is the only possible component of
Supp(M) containing α(s), and M is Cohen-Macaulay at α(s).
(2) Suppose furthermore that the support of MK on ZK is not empty, and let HK be the
scheme having Supp(MK) as underlying space with its reduced structure and H := HK ⊂ Z its
schematic closure in Z (which is a relative effective divisor). Suppose moreover that α(s) ∈ Hs.
Let ζ be the generic point of an irreducible component of H passing through x. Then ℓ(α∗M) ≥
ℓ+ 1. Moreover, if the equality ℓ(α∗M) = ℓ+ 1 holds, then (a) M is Cohen-Macaulay at α(s);
(b) H is regular at α(s), and M is of length 1 at ζ; (c) H cuts the closed subscheme α(S) →֒ Z
transversally at α(s), i.e., the intersection number at α(s) of the closed subscheme α(S) (of
dimension 1) with H (of codimension 1 and regular around the point α(s)) is equal to 1.
Before proving this result consider the following technical Lemma.
Lemma 3.2.2. Let Z = Spec(A) be a local noetherian regular scheme of dimension 2, and M
a torsion coherent OZ-module such that Supp(M) is of dimension 1. Let H1, . . . ,Hn be the
irreducible components of Supp(M), endowed with the reduced subscheme structure. Denote by
ξi the generic point of Hi, and by ℓi the length of Mξi as an OZ,ξi-module. Let finally f ∈ A be
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an element, which is part of a system of regular parameters of A, such that Z1 := V (f) ⊂ Z is
not contained in Supp(M). Then ℓ(M/fM) ≥
∑n
i=1 ℓi, with equality if and only if the following
conditions are satisfied: (i) for each i, the scheme Hi is regular and cuts Z1 transversally in Z;
(ii) the OZ-module M is Cohen-Macaulay.
Proof. Remark first that a coherent OZ -module N with one dimensional support is Cohen-
Macaulay if and only if N has no embedded associated points. Indeed, suppose first that N has
no embedded associated points. Let P1, . . . ,Pr ⊂ A be the minimal ideals of the support of N ,
and let f ∈ mA \ ∪iPi (where mA ⊂ A is the maximal ideal). Then multiplication by f provides
an injective map ([26], Chapter I, § B Corollary 1 of Proposition 7)
N −→ N , n 7→ f · n.
Hence, the maximal M -sequence of N has at least 1 = dim(N ) element, which implies that N is
Cohen-Macaulay ([26], § B.1, Definition 1). The converse statement follows from Proposition 13
of § B.2 in [26].
In order to prove the Lemma, we use induction on n. Let us begin with the case where
n = 1. Denote by ξ = ξ1 the generic point of Supp(M)red = H1 = H, and by ℓ = ℓ1 the length
of M at ξ. Hence, Mξ has a filtration by OZ,ξ-submodules:
0 =Mξ,0 ⊂Mξ,1 ⊂ . . . ⊂Mξ,ℓ =Mξ,
where the successive quotients are isomorphic to k(ξ). We then define Mi as the inverse image
of Mξ,i via the canonical map M→Mξ, thus obtaining a filtration on M:
M−1 := 0 ⊆M0 ⊂M1 ⊂ . . . ⊂Mℓ =M.
In general, M0 6= 0, and it is trivial if and only if M has no embedded associated points. For
each i ≥ 0, let Ci :=Mi/Mi−1, which has no embedded associated point by definition whenever
i ≥ 1. Moreover, Ci,ξ ∼= Mξ,i/Mξ,i−1, hence C0,ξ = 0 and for i ≥ 1, we have Ci,ξ ∼= k(ξ). In
particular, if i ≥ 1, we have Ci 6= 0 with schematic support equal to H = Supp(M)red. Indeed,
we only need to show that the schematic support Supp(Ci) = V (Ann(Ci)) is reduced. Since
Ci,ξ ∼= k(ξ), Supp(Ci) is reduced at ξ, hence it is generically reduced. Furthermore, since Ci has
no embedded associated points, so too is the scheme Supp(Ci). So Supp(Ci) is reduced, and
hence, equal to H as subscheme of Z. On the other hand, for i ≥ 1, since the OZ -module Ci has
no embedded associated points, and Z1 = V (f) is not contained in H, the map “multiplication
by f”:
Ci −→ Ci, x 7→ f · x
is injective for i ≥ 1. From this, we get a filtration of M/fM:
0 ⊆M0/fM0 ⊂M1/fM1 ⊂ . . . ⊂Mℓ/fMℓ =M/fM,
where for each i ≥ 1, the quotient ofMi/fMi byMi−1/fMi−1 is isomorphic to Ci/fCi which is
non-zero since Ci 6= 0. As a result, ℓ(M/fM) ≥ ℓ. Moreover, ℓ(M/fM) = ℓ, if and only if the
following two conditions are realized: (a) M0/fM0 = 0 which means M0 = 0 by Nakayama’s
lemma; (b) for each i (1 ≤ i ≤ ℓ), the OZ -module Ci/fCi is of length 1 over OZ/fOZ .
Now, suppose that ℓ(M/fM) = ℓ, or equivalently that the conditions (a) and (b) above
are verified. We will prove that M is Cohen-Macaulay, and the schematic support H of Ci is
regular and cuts the subscheme V (f) →֒ Z transversally. In fact, condition (a) implies that the
OZ -module M has no embedded associated points, in particular, is Cohen-Macaulay. On the
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other hand, suppose that Ann(Ci) = (g) ⊂ A (hence H is defined by the equation g = 0 in Z),
and let c ∈ Ci be such that c /∈ fCi. Condition (b) together with Nakayama’s Lemma imply
that the OZ -module Ci is generated by c. The morphism OZ → Ci = OZc defined by λ 7→ λc is
then surjective, with kernel the ideal (g) = Ann(Ci) = Ann(c). Therefore, OZ/(g, f) ∼= Ci/fCi
is of length 1 over OZ/fOZ . Hence Supp(Ci) = Supp(M)red = H = V (g) is regular and cuts
V (f) →֒ Z transversally. Conversely, suppose thatM is Cohen-Macaulay and that the schemeH
is regular and cuts V (f) →֒ Z transversally. In particular,M has no embedded associated point,
which implies that M0 = 0, whence condition (a) holds. Moreover, since H = Spec(A/gA) is
regular of dimension 1, A/gA is a principal ideal domain. Therefore, the OH = OZ/gOZ -module
Ci is free of rank 1. Hence,
ℓ(Ci/fCi) = ℓ(A/(f, g)) = 1
since H = V (g) →֒ Z cuts V (f) →֒ Z transversally. In this way we get condition (b), which
completes the proof of the Lemma in the case n = 1.
Suppose now that the assertion of the lemma has been verified for n− 1 ≥ 1. Let M′ ⊂M
be the submodule defined as the kernel of the following map
M−→
n⊕
i=2
ιi,∗ι
∗
iM
with ιi : Spec(k(ξi))→ Z the canonical map, and define M
′′ by the following exact sequence:
0 −→M′ −→M −→M′′ −→ 0.
Then M′′ has no embedded associated points (and so is Cohen-Macaulay) and has support
∪ni=2Hi, while M
′ has support H1. One then has the following exact sequence (since M
′′
Cohen-Macaulay and V (f) * Supp(M′′)):
0 −→M′/fM′ −→M/fM−→M′′/fM′′ −→ 0.
Hence, we have ℓ(M/fM) = ℓ(M′/fM′) + ℓ(M′′/fM′′). Moreover, by the definitions of M′
and M′′, we have
M′ξ1
∼=Mξ1 , and M
′′
ξi
∼=Mξi for i = 2, . . . , n.
By applying the induction hypothesis, we get
ℓ(M/fM) = ℓ(M′/fM′) + ℓ(M′′/fM′′) ≥ ℓ(M′ξ1) +
n∑
i=2
ℓ(M′′ξi) =
n∑
i=1
ℓi,
with equality if and only if ℓ(M′/fM′) = ℓ1, and ℓ(M
′′/fM′′) =
∑n
i=2 ℓi. In other words,
equality holds if and only if (a) M′,M′′ are Cohen-Macaulay, and (b) the subschemes Hi are
regular cutting Z1 transversally in Z. Since M
′′ is already Cohen-Macaulay, condition (a) is
equivalent to saying that M is Cohen-Macaulay. This completes the proof of the Lemma.
Proof of 3.2.1. Since α : S → Z is a section of Z/S, there exist elements f1, . . . , fd of OZ,x which
generate, together with π, the maximal ideal of OZ,x and α(S) = V (f1, . . . , fd) →֒ Z. Up to
replacing Z by its localization at x, we may assume that Z is the spectrum of a regular local
ring of dimension d + 1. In particular Zs = {ξ} is regular and irreducible. We will prove the
Proposition by induction on d. The case d = 0, i.e., S = Z, is trivial. We start illustrating the
case d = 1. In this case, Z is a 2-dimensional local regular scheme, with M a torsion coherent
module on Z. When ℓ = 0, the conclusion of (1) is clear since in this situation, we always have
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ℓ(α∗M) ≥ ℓ = 0, and an equality means that x /∈ Supp(M), or equivalently, Mx = 0. In fact,
here we have M = 0 since x ∈ Z is the only closed point of the local scheme Z. To finish the
proof of (1) for d = 1, we may assume that ℓ ≥ 1. Since ξ ∈ Supp(M), the closed subscheme
Zs = {ξ} ⊆ Supp(M) is one of the irreducible components of Supp(M) in Z. Now by applying
Lemma 3.2.2, we get ℓ(α∗M) ≥ ℓ. The equality holds if and only if Zs is the only component of
Z, Zs cuts α(S) transversally in Z and M is Cohen-Macaulay at x. We now consider assertion
(2). By assumption, Supp(M) is the union of the one dimensional subscheme H with, possibly,
Zs if ℓ > 0; hence ℓ(α
∗M) ≥ ℓ+1. If ℓ(α∗M) = ℓ+1, on applying Lemma 3.2.2 once again, we
see thatM is Cohen-Macaulay at x, the subscheme H ⊂ Z is irreducible, regular and cuts α(S)
transversally at x. Moreover, M must have length 1 at the generic point of H. This proves (2),
and hence the Proposition, for d = 1.
For the general case, denote by Z1 →֒ Z the closed subscheme defined by the ideal (f1), by
ξ1 the generic point of Z1,s and by M1 the pull-back of M to Z1. Then Z1 is a regular local
scheme of dimension d, which is not contained in the support of M. In particular, M1 is again
a torsion coherent sheaf on Z1. The morphism α : S → Z factors through Z1 →֒ Z, and we
denote by α1 : S → Z1 the morphism obtained in this way. In particular, α
∗M ∼= α∗1M1 and
α(S) 6⊆ Supp(M1). Hence, in order to prove the first assertion of (1), we only need to verify
that the moduleM1 is of length ≥ ℓ at ξ1 and then apply the induction hypothesis. To see the
inequality ℓ(M1,ξ1) ≥ ℓ, since
M1,ξ1
∼=Mξ1/f1Mξ1 ,
we are reduced to showing that the restriction of the torsion sheaf M˜ := M|Spec(OZ,ξ1 ) to the
subscheme Spec(OZ,ξ1/f1OZ,ξ1) →֒ Spec(OZ,ξ1) =: Z˜ is of length ≥ ℓ. By definition, ξ ∈ Zs is
contained in the special fibre Z˜s of Z˜, and M˜ has length ℓ at ξ ∈ Z˜s. Hence, we need only apply
Lemma 3.2.2 to the two dimensional regular local scheme Z˜ to get the conclusion. We can also
summarize the previous arguments by the following relations:
ℓ(α∗M) = ℓ(α∗1M1) ≥ ℓ(M1,ξ1) = ℓ(M˜/f1M˜) ≥ ℓ(M˜ξ) = ℓ(Mξ) = ℓ.(39)
Next, we examine the condition ℓ(α∗M) = ℓ. By (39), we have ℓ(α∗M) = ℓ if and only if
(a) ℓ(M˜/f1M˜) = ℓ(M˜ξ) = ℓ, and (b) ℓ(M1,ξ1) = ℓ(α
∗
1M1). Consider the conditions (a
′): M is
Cohen-Macaulay having support contained in Zs at ξ1 and (b
′): M1 is Cohen-Macaulay, with
support contained in Z1,s at x. On applying the induction hypothesis to the torsion module
M1 on the d-dimensional scheme Z1, one checks immediately that condition (b) is equivalent
to condition (b′). Furthermore on applying the induction hypothesis to the torsion module
M˜ = M|Spec(OZ,ξ1 ) on the 2-dimensional local scheme Z˜ = Spec(OZ,ξ1), and since Z˜ is the
localization of Z at the point ξ1 ∈ Z, we find that conditions (a) and (a
′) are equivalent. Hence
ℓ(α∗M) = ℓ if and only if (a′) and (b′) hold.
Now, we proceed with the proof of the second part of (1). Suppose first ℓ(α∗M) = ℓ,
or equivalently, that the previous conditions (a′) and (b′) hold, and prove that M is Cohen-
Macaulay with support contained in Zs at x. We first claim that the multiplication by f1 onM
provides an injective map. To see this fact, letM′ be the submodule ofM formed by the elements
killed by a power of f1, and letM
′′ =M/M′. By definition, Supp(M′) ⊂ Z1∩Supp(M), which
is hence of codimension at least 2. By definition of M′′, the multiplication by f1 on M
′′ is an
injective map, hence the canonical map
(40) M′/f1M
′ −→M/f1M =M1
is injective. On one hand, condition (a′) above implies that ξ1 /∈ Supp(M
′) (since Supp(M′) ⊂
V (f1) ∩ Zs = Z1,s ⊂ Zs and M is Cohen-Macaulay at ξ1 by (a
′)), hence ξ1 6∈ Supp(M
′/f1M
′).
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In particular, Supp(M′/f1M
′)∩Z1,s ( Z1,s. On the other hand, condition (b′) and the injection
(40) imply that the support of M′/f1M
′ is contained in Z1,s. Hence M
′/f1M
′ = 0, and then
M′ = 0 by Nakayama’s Lemma. As a result, the multiplication by f1 onM is injective. Moreover
the quotient sheafM1 =M/f1M is Cohen-Macaulay of dimension d−1 = dim(Z1)−1 by (b
′),
hence also M is Cohen-Macaulay. To see that the support of M is contained in Zs, suppose
Supp(M) contains a component Γ different from Zs at the point x. Since we have shown thatM
is Cohen-Macaulay at x, it follows that Γ is also of codimension 1. By condition (b) above, M1
has support contained in Z1,s at x. So Γ∩Z1 ⊂ Z1,s which is in fact an equality of sets for reasons
of dimension. As a result, one finds that ξ1 ∈ Γ, which means that Supp(M) has at least two
components (of codimension 1) at ξ1, but this is impossible because of the condition (a
′). This
proves that M is Cohen-Macaulay with support contained in Zs at x. Conversely, suppose M
is Cohen-Macaulay with support contained in Zs at x. We must prove that ℓ(α
∗M) = ℓ. First
of all, this condition implies in particular that M is Cohen-Macaulay with support contained
in Zs at ξ1, namely condition (a
′) holds. To complete the proof of (1), we only need to show
that condition (b′) also holds. It is clear that the support of M1 is contained in Z1,s, so we
need only verify that M1 is Cohen-Macaulay. Since Z1,s = Supp(M1) has dimension equal to
dim(M)−1,M1 is also Cohen-Macaulay ([26], Chapter IV § B.2, Proposition 14). This finishes
the proof of (1).
To finish the proof of (2), since this is a local question for the e´tale topology on S, we may
assume that S is strictly local, in particular the residue field is an infinite set. This implies that
the residue field k(x) of Z at x is also infinite. Since k(x) is an infinite field, up to replacing f1 by
f1+λf2, for a suitable λ ∈ O
∗
Z,x, we may assume that Z1,s * Hs, so that H1,s = Hs∩Z1,s →֒ Z1,s
is of codimension 1 in Z1,s (where H1 := H ∩ Z1).
As we have seen in (39),M1 has length ≥ ℓ at ξ1. Since x ∈ H1,s, on applying the induction
hypothesis to Z1, we find that
(41) ℓ(α∗M) = ℓ(α∗1M1) ≥ ℓ(M1,ξ1) + 1 ≥ ℓ+ 1.
This proves the first assertion in (2). From now on, we suppose that ℓ(α∗M) = ℓ+1. According
to (41), we get ℓ(α∗M) = ℓ(α∗1M1) = ℓ + 1, and M1 is of length ℓ at ξ1. By the induction
hypothesis, we have (i) H1,red is irreducible and regular, and moreover α1(S) cuts H1 transver-
sally in Z1 at x; (ii) M1 is Cohen-Macaulay at x in Z1, and if we denote by ζ1 ∈ H1 the generic
point of H1, then M1 is of length 1 at ζ1. Denote by Z
′ the localization of Z at ζ1, and by M
′
the inverse image of M by the canonical morphism Z ′ → Z. Then, M′/f1M
′ is of length 1
over OZ′/f1OZ′ . Hence, on applying Lemma 3.2.2 to the torsion module M|Spec(OZ,ζ1 ) on the
two dimension regular local scheme Spec(OZ,ζ1) we get that H is regular at ζ1, and it cuts Z1
transversally at ζ1. Moreover, M is Cohen-Macaulay with support contained in H at ζ1, andM
is of length 1 at the generic point ζ of H. Using now the fact that H1 = H∩Z1 is irreducible, we
find that H itself must be irreducible, since otherwise, H would have at least two components
at ζ1. Therefore, H1 is generically reduced. But H1 is a divisor inside a regular scheme Z1,
hence H1 is Cohen-Macaulay and thus H1 is reduced. By assertion (i), we find that H is irre-
ducible and regular, cutting Z1 transversally at x inside Z. Now we need only verify that M is
Cohen-Macaulay on Z. By (ii), we need only show that M has no embedded associated points.
Denote by N ′ the biggest quotient without embedded associated points of M, and denote by
N the OZ -submodule defined by the following exact sequence
0 −→ N −→M−→ N ′ −→ 0;
we have the short exact sequence
0 −→ N/f1N −→M/f1M−→ N
′/f1N
′ −→ 0.
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According to Nakayama’s Lemma, to complete the proof, we need only show that N/f1N = 0.
By definition, Supp(N ′) = Supp(M), and ℓ(N ′ξ) = ℓ(Mξ) = ℓ. Hence, according to the first
part of (2) (which has already been proved), we have ℓ(α∗N ′) ≥ ℓ+1. On the other hand, there
is a surjection α∗M → α∗N ′, whence we have ℓ + 1 = ℓ(α∗M) ≥ ℓ(α∗N ′). As a result, we
have ℓ(α∗N ′) = ℓ+1. Hence the OZ -module N
′ again satisfies the assumptions of the assertion
(2) of this Proposition: On applying what was proved a few lines above to the torsion sheaf N ′
in place of M, we get ℓ
(
(N ′/f1N
′)ζ1
)
= 1, and ℓ
(
(N ′/f1N
′)ξ1
)
= ℓ. Hence (N/f1N )ζ1 =
(N/f1N )ξ1 = 0. As a result, the support of N/f1N is of dimension < d− 2. But we have seen
that M1 = M/f1M is Cohen-Macaulay with support H1 ∪ Z1,s of dimension d − 2, hence we
must have N/f1N = 0. This completes the proof.
3.3 Preliminaries on the comparison between the pro-algebraic structures
The aim of this section is to show that the canonical map of sheaves q : Pic0X/S → J in (11)
induces, for each n ≥ 1, a morphism of smooth algebraic k-groups
(42) qn : Gr(P[ψ(n)]) = Gr(Pic
0
Xψ(n)/S
) −→ Grn(J),
and that the maps qn are compatible in the evident way.
Let n ≥ 1 be an integer. We have seen in § 3.1 that there exists a morphism of sheaves
Pic0Xnd/S ×S Sn → J ×S Sn. In this way we get a morphism of smooth algebraic k-groups
(43) q′n : Gr(P[nd]) −→ Grn(J).
Since ψ(n)≤nd (cf. § 2.2), there is a canonical morphism of smooth algebraic k-groups
Gr(P[nd]) −→ Gr(P[ψ(n)]).
So, in order to prove the existence of qn as above, it suffices to verify that the morphism q
′
n in
(43) factors as follows:
Gr(P[nd])
q′n //

Grn(J)
Gr(P[ψ(n)])
qn
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On the other hand, since the morphism of algebraic k-groups Gr(P[nd])→ Gr(P[ψ(n)]) has smooth
kernel (see Lemma 3.1.1) and k is algebraically closed, we need only check the factorization on
the level of k-points. Since the maps Pic0(X) → Pic0(X[ψ(n)]) = Gr(P[ψ(n)])(k) are surjective,
the verification is reduced to proving the existence of the following factorization:
Pic0(X) // //
q

Pic0(Xψ(n))
qn

J(S) // // J(Sn)
where we again denote by qn the map induced by (42) on k-points. With the help of the rigidified
Picard functor we will establish this factorization via induction on n.
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3.4 Comparison of the pro-algebraic structures
In the following discussion we fix a rigidificator Y →֒ X of the relative Picard functor PicX/S , and
for simplicity, we denote by G := (PicX/S , Y )
0 the identity component of the rigidified Picard
functor of X/S along Y/S. As usual J denotes the identity component of the Ne´ron model of
Pic0XK/K over S. According to Proposition 3.2 in [16], G is representable by a smooth separated
S-group scheme. Consider the canonical morphism of S-group schemes r : G = (PicX/S , Y )
0 →
Pic0X/S (recalled in § 1.1), which is surjective for the e´tale topology. Let H be the schematic
closure of ker(rK) ⊂ GK in G. It is a flat S-group scheme of finite type with smooth generic fibre,
which is also the kernel of the canonical morphism θ : G → J (composition of r : G → Pic0X/S
and the epimorphism q : Pic0X/S → J ; see for example [21], 4.1, for the fact that ker(θ) = H).
Since S is strictly local, the morphism r induces a surjective map (still denoted by r) between
the S-sections:
r : G(S) −→ Pic0(X).
Let L be the (rigidified) Poincare´ sheaf on X ×G. For each n ∈ Z≥1, we denote by
rn : G(S)
r // Pic0(X) // Pic0(Xψ(n))
the composition of maps which sends ε ∈ G(S) to Lε|Xψ(n) ∈ Pic
0(Xψ(n)), where Lε is the sheaf
(idX × ε)
∗L. These maps are all surjective since OK is strictly henselian.
Let pG : X ×S G → G be the projection onto the second factor, and consider the object
RpG,∗L in the derived category of OS-modules. It is well known that this complex is quasi-
isomorphic to a perfect complex of perfect amplitude contained in [0, 1], i.e., locally for the
Zariski topology on G, RpG,∗L can be represented by a complex
. . . // F0
u // F1 // . . . .
with F i (i = 0, 1) locally free OG-modules of the same rank ([9], 6.10.5). The cokernel M of u
gives the OG-module R
1pG,∗L, and for any section ε : S → G of G/S, the pull-back ε
∗M is given
by the cohomology group H1(X,Lε). On the other hand, for L an invertible sheaf of degree 0 on
XK , H
1(XK , L) 6= 0 if and only if L ∼= OXK . Therefore, the morphism u above is injective and
det(u) 6= 0. Hence M is a torsion OG-module which admits a resolution of length 1 by locally
free OG-modules. In particular, M is Cohen-Macaulay, with support Supp(M) ⊂ G purely of
codimension 1 satisfying the inclusion relations (of sets) H ⊂ Supp(M) ⊂ H ∪Gs.
Lemma 3.4.1. Let notation be as above. Then Supp(M) = H as sets.
Proof. Let ξ be the generic point of Gs, and ℓ the length of the OG,ξ-module Mξ. We will first
prove by contradiction that ℓ = 0. Suppose then ℓ ≥ 1. Let ε ∈ G(S) be a section of G, and
let Lε := (idX × ε)
∗L. According to Proposition 3.2.1, the OK-module H
1(X,Lε) ∼= ε
∗M is of
length at least ℓ ≥ 1. By Corollary 2.2.3, this is equivalent to saying that Lε|X1
∼= I i|X1 with i
a suitable integer. This last fact implies that the surjective homomorphism
r1 : G(S) −→ Pic
0(X1), ε 7→ Lε|X1
has finite image. However, this produces a contradiction since k is algebraically closed and so
Pic0(X1) ∼= Pic
0
X1/k
(k) is an infinite group. Therefore Mξ = 0. In particular, ξ /∈ Supp(M),
which completes the proof of the Lemma since Supp(M) ⊂ G is purely of codimension 1.
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Let us begin the comparison of the two filtrations defined in § 3.1 at the level n = 1. Since
X1/S can be defined over the closed point s of S, its Picard functor P[1] = Pic
0
X1/S
can also be
defined over s. Hence, by adjunction, the morphism of functors r1 : G → P[1] corresponds to a
morphism of algebraic groups over the closed points s of S:
r1,s : Gs −→ P[1],s = Pic
0
X1/k
,
which renders the following diagram commutative
G //

Pic0X/S
// P[1] = i∗P[1],s
i∗Gs
i∗r1,s
44
Let x ∈ Gs(k) be a closed point, ε ∈ G(S) a section lifting x and put Lε = (idX × ε)
∗L.
This is a rigidified invertible sheaf on X. Since Supp(M) = H (Lemma 3.4.1), one finds that
x = ε(s) ∈ Hs(k) if and only if the OK -module ε
∗M = H1(X,Lε) is of length ≥ 1. Moreover, in
view of Lemma 2.2.3 this last condition is equivalent to saying that Lε|X1
∼= I i|X1 for a suitable
integer i. In particular, the image r1,s(Hs(k)) is a finite set of P[1],s(k), and the kernel of r1,s
is contained in Hs. Let Z be the schematic closure of the set of those points x ∈ Gs(k) which
admit a lifting ε ∈ G(S) such that Lε|X1
∼= OX1 . By continuity of r1,s, the subgroup scheme
Z ⊂ Gs is a union of irreducible components of Hs,red. Denote by G
[1] → G the dilatation of G
with center Z ⊂ Gs. By definition of Z, we have an exact sequence of smooth k-group schemes
(44) 0 −→ Z −→ Gs
r1−→ Pic0X1/k −→ 0.
Moreover, according to the universal property of dilatations ([5], 3.2/1), we have the following
short exact sequence of abstract groups:
(45) 0 −→ G[1](S) −→ G(S) −→ Pic0(X1) −→ 0.
Consider now the morphism θ : G → J . Denote by G[1]
′
the dilatation of G with center
Hs,red = ker(θ)s,red →֒ Gs. Since Hs is the kernel of the canonical map θs : Gs → Js, the
universal property of dilatations implies that the following sequence is exact
(46) 0 −→ G[1]
′
(S) −→ G(S) −→ J(S1) −→ 0.
Since Z ⊂ Hs,red is an open subgroup, G
[1] is an open subgroup of G[1]
′
. From the exact
sequences (45), (46), we obtain a morphism of groups q1 : Pic
0(X1) → J(S1) which makes the
external square commute:
G(S)
r // Pic0(X)
q

// Pic0(X1)
q1

G(S)
θ // J(S) //// J(S1)
Moreover, from the fact that q ◦ r = θ and the surjectivity of r, the square on the right also
commutes. The morphism of abstract groups q1 is surjective (since all the other maps are), and
has kernel generated by I|X1 ∈ Pic(X1) (see Corollary 2.2.3). Note that the diagram above fits
31
also into a bigger commutative diagram
G[1](S)
$$ $$■
■■
■■
■■
■■
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
✼
  // G[S]
r
$$ $$❍
❍❍
❍❍
❍❍
❍❍
θ
 ✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
✻
// // Pic0(X1)
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
q1
 ✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
P[1](S) 
 //
∃ q[1]

Pic0(X) // //
q

Pic0(X1)
q1

J [1](S) 
 // J(S) // // J(S1)
(47)
On the level of pro-algebraic groups we have then shown that the morphism q in (37) induces a
map
(48) q1 : Gr(Pic
0
Xψ(1)/S
) −→ Gr1(J)
because, as we noted in § 3.3, it is sufficient to check the factorization on k-points.
In order to proceed with the comparison of the filtrations for higher n, let us denote by
M[1] (respectively by M[1]
′
) the inverse image of M over G[1] (respectively over G[1]
′
) via
the morphism G[1] → G (respectively via the morphism G[1]
′
→ G). Let H [1] (respectively
H [1]
′
) be the schematic closure of HK →֒ G
[1]
K = GK in G
[1] (respectively in G[1]
′
). Then
M[1] (respectively M[1]
′
) is a coherent torsion sheaf with support in H [1] ∪G
[1]
s (respectively in
H [1]
′
∪ G
[1]′
s ), which admits a resolution of length 1 by locally free OG[1]-modules (respectively
OG[1]′ -modules). In particular, since the schemes G
[1] and G[1]
′
are regular, M[1] and M[1]
′
are
Cohen-Macaulay as modules. On the other hand, by the universal property of dilatations, the
composed morphism G[1] → G→ J (respectively G[1]
′
→ G→ J) factors through J [1] → J . We
denote by θ[1] : G[1] → J [1] (respectively by θ[1]
′
: G[1]
′
→ J [1]) the morphism obtained in this
way.
Lemma 3.4.2. (i) Let ξ′1 be a generic point of G
[1]′
s , then the OG[1]′ ,ξ′1
-module M
[1]′
ξ′1
is of
length 1.
(ii) The scheme H is normal.
(iii) The morphism θ[1] : G[1] → J [1] induces a surjection G[1](S) → J [1](S). In particular, θ[1]
is a faithfully flat morphism of S-group schemes, with ker(θ[1]) = H [1].
Proof. Observe first that we have a commutative diagram with exact rows, where the first row
is (45):
0 // G[1](S) //

G(S) //
r2

Pic0(X1) // 0
0 // P[1,ψ(2)](S) // P[ψ(2)](S) // P[1](S) // 0
The morphism G[1](S) → P[1,ψ(2)](S) is surjective, since the map r2 is surjective. Moreover, by
Corollary 2.1.10, the group P[1,ψ(2)](S) is an OK -module of length 1. Hence, it is an infinite
group. Therefore, the composed morphism
G[1](S) −→ G(S) −→ P[ψ(2)](S) = Pic
0(Xψ(2)),
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has infinite image. Hence, the composed morphism
(49) G[1]
′
(S) −→ G(S) −→ P[ψ(2)](S) = Pic
0(Xψ(2))
also has infinite image because G[1] is an open subgroup of G[1]
′
.
Next, we consider the map of functors r′2 : G
[1]′ → P[ψ(2)] = Pic
0
Xψ(2)/S
obtained as the
composition of G[1]
′
→ G with r2 : G → P[ψ(2)]. This map induces a morphism of pro-algebraic
groups over k, again denoted by r′2:
r′2 : Gr(G
[1]′) −→ Gr(P[ψ(2)]).
We claim that this morphism factors through G
[1]′
s = Gr1(G
[1]′):
(50) Gr(G[1]
′
)
r′2 //

Gr(P[ψ(2)])
G
[1]′
s
∃ r′2,s
88
Let K be the kernel of the morphism Gr(G[1]
′
) → G
[1]′
s ; it is pro-smooth and connected. Let
ε ∈ G[1]
′
(S) be such that ε(s) ∈ G
[1]′
s is the unit element. In particular, the support of the torsion
module M[1]
′
at ε(s) has two irreducible components, which implies, according to Proposition
3.2.1 (1), that the OK -module ε
∗M[1]
′
= H1(X,Lε) has length at least 2 (here, Lε = (id ×
ε)∗
(
L|X×G[1]′
)
). In particular, by Corollary 2.2.3, the restriction Lε|Xψ(2) is a power of I|Xψ(2) .
Since the invertible sheaf I is of finite order and since k is algebraically closed, this implies
that the induced map K → Gr(P[ψ(2)]) has finite image, in particular, it is trivial since K is
pro-smooth and connected. This fact ensures the existence of the factorization in (50).
In order to prove (i), let us denote by ℓ1 the length of theOG[1]′ ,ξ′1
-moduleM
[1]′
ξ′1
. By definition
of G[1]
′
, we have ℓ1 ≥ 1. Suppose ℓ1 ≥ 2. Let ε ∈ G
[1]′(S) be a section of G[1]
′
such that
ε(s) ∈ {ξ′1} ⊂ G
[1]′
s and denote by Lε the associated rigidified invertible sheaf on X. According
to Proposition 3.2.1 (1), the OK-module ε
∗M[1]
′ ∼= H1(X,Lε) is of length ≥ ℓ1 ≥ 2. Hence, by
Corollary 2.2.3, we have Lε|Xψ(2)
∼= I i|Xψ(2) for a suitable integer i. Thus, r
′
2,s({ξ
′
1}) ⊂ Gr(P[ψ(2)])
consists of a single element because r′2,s is continuous and the set {I
j : j ∈ Z} is finite. Using
the fact that r′2,s is a morphism of groups and that {ξ
′
1} is an irreducible component of G
[1]′
s , we
deduce that the morphism r′2,s and hence the map r
′
2 : G
[1]′(S) → P[ψ(2)](S) = Pic
0(Xψ(2)) has
finite image. This contradicts the assertion on the infinity of the image of (49) proved above.
Hence ℓ1 = 1, and this concludes the proof of (i).
Assertion (ii) is just a corollary of (i). In fact, for Y1 an irreducible component of Hs, let
ξ′1 denote the generic point of G
[1]′
s lying above Y1. Let x
′ ∈ {ξ′1} ⊂ G
[1]′
s be a closed point not
contained in H
[1]′
s , and ε′ : S → G[1]
′
a section lifting x′, which also gives a section ε : S → G by
composition with G[1]
′
→ G. Let x = ε(s) ∈ Hs. Since x
′ /∈ H
[1]′
s , and ℓ(M
[1]′
ξ′1
) = 1 by assertion
(i) of this Lemma, the OK -module ε
′∗M[1]
′
= ε∗M is of length 1 (see Proposition 3.2.1 (1)).
According to Proposition 3.2.1 (2), this last condition implies that H is regular at x. Hence
H is regular at the generic point of the irreducible component Y1 of Hs because Y1 contains x.
Since this can be done for any generic point of Hs, one finds that H is normal by using Serre’s
criterion of normality (recall that the generic fibre HK of H is regular, and the scheme H, being
a divisor of a regular scheme, is Cohen-Macaulay).
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For (iii), recall that the composed morphism G(S) → Pic0(X) → J(S) is surjective (see
§ 1.1). Since G[1]
′
is the dilatation of G along Hs,red, the surjectivity of the last map implies
that the map G[1]
′
(S) → J [1](S) is also surjective. Since G[1] ⊂ G[1]
′
is an open subgroup, with
non-empty special fibre, and the abstract group G[1]
′
(S)/G[1](S) is a finite group, according to
[5], 9.2/6, the morphism θ[1] also induces a surjection G[1](S) → J [1](S). In particular, using
the fact that the two S-group schemes G[1] and J [1] are smooth, we find that the morphism θ[1]
is faithfully flat, and hence ker(θ[1]) = H [1] since both ker(θ[1]) and H [1] are flat closed subgroup
schemes of G[1] having the same generic fibre.
By abuse of notation, let us denote by r2 both the following composition of morphisms
r2 : G
[1] // G // P[ψ(2)]
and the induced morphism of pro-algebraic groups over k: Gr(G[1]) → Gr(P[ψ(2)]). As we have
seen in the proof of Lemma 3.4.2, diagram (50), (since G[1] ⊂ G[1]
′
is an open subgroup), the
map r2 factors through the canonical surjection Gr(G
[1])→ G
[1]
s :
Gr(G[1])
r2 //

Gr(P[ψ(2)])
G
[1]
s
∃ r2,s
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Next, define Z1 := ker(r2,s)red →֒ G
[1]
s . Then the same argument used for Z in (44), in the case
n = 1, implies that Z1 is a union of connected components of H
[1]
s,red.
Now we use constructions similar to those used in the comparison at the first level. Let
G[2] (respectively G[2]
′
) be the dilatation of G[1] along the closed smooth subgroup Z1 of G
[1]
s
(respectively along H
[1]
s,red →֒ G
[1]
s ), and let α[1] be the composed morphism G[2] → G[1] → G.
According to [5], 3.2/3, G[2] is a smooth S-group scheme, and we have an exact sequence:
0 −→ G[2](S) −→ G[1](S) −→ P[1,ψ(2)](S) −→ 0.
On the other hand, since H
[1]
s is the kernel of the morphism G
[1]
s → J
[1]
s , according to the
universal property of dilatations, we have an exact sequence of abstract groups
0 −→ G[2]
′
(S) −→ G[1](S) −→ J [1](S1) −→ 0.
Since Z1 ⊂ H
[1]
s,red is an open subgroup scheme, G
[2] ⊂ G[2]
′
is an open subgroup. Hence we
obtain a morphism α : P[1,ψ(2)](S)→ J [1](S1) which makes the following diagram
G[1](S) // //
$$ $$■
■■
■■
■■
■■
P[1](S) //
q[1]

P[1,ψ(2)](S)
α

J [1](S) // J [1](S1)
(51)
34
commute. Hence we get a diagram with exact rows,
P[1](S)  x
**❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱
β′
✿
✿
✿
✿
✿
✿
✿✿
✿
✿
✿
✿
✿✿
✿
✿
✿
✿
q[1]

Pic0(X)
q

β && &&▼▼
▼▼
▼▼
▼▼
▼▼
▼
|X1
,, ,,❨❨❨❨❨
❨❨❨❨
❨❨❨❨
❨❨❨❨
❨❨❨❨
❨❨❨❨
❨❨❨❨
❨❨❨❨
❨
0 // P[1,ψ(2)](S) //
α

Pic0(Xψ(2))
q2

// Pic0(X1)
q1
zztt
tt
tt
tt
tt
q1

// 0
J [1](S) 
 //
&&▲▲
▲▲
▲▲
▲▲
▲▲
J(S)
γ && &&▼▼
▼▼
▼▼
▼▼
▼▼
▼
// // J(S1)
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏
0 // J [1](S1) ̺1
// J(S2) // J(S1) // 0.
This diagram (without the existence of q2) is seen to be commutative by combining the commu-
tativity of diagrams (34), (47) and (51). In order to see that q2 exists, we need only show that
ker(β) ⊂ ker(γ ◦ q). Since the upper horizontal sequence is the push-out of the “diagonal” exact
sequence along β′, we have ker(β) = ker(β′). Hence, to complete the proof, it is sufficient to
recognize that the two maps P[1](S)→ J(S2), obtained, one following the path through Pic
0(X)
and the other via P[1,ψ(2)](S), coincide. This fact can be easily checked by diagram chasing. In
this way, we have shown the existence of the morphism q2.
Moreover, by Corollary 2.2.3, the kernel of q2 : Pic
0(Xψ(2))→ J(S2) is generated by I|Xψ(2) ∈
Pic0(Xψ(2)). In particular the morphism q in (37) induces a morphism q2 : Gr(Pic
0
Xψ(2)/S
) →
Gr2(J) that is compatible with the morphism q1 in (48).
The general case can be done by induction on n, by using the same argument as before.
Finally, we summarize our results in the following theorem:
Theorem 3.4.3. Let XK be a K-torsor under an elliptic curve and X its S-proper regular min-
imal model. Let J be the identity component of the Ne´ron model over S of the jacobian Pic0XK/K
of XK . Then for any integer n ≥ 1, the surjective morphism of fppf-sheaves q : Pic
0
X/S → J in
(11) induces a morphism of smooth k-group schemes
qn : Gr(Pic
0
Xψ(n)/S
) −→ Grn(J)
making the obvious diagram commute. Moreover, the morphism qn defined above is an isogeny
of algebraic k-groups, and the group of k-points of the kernel of qn is given by
ker(qn)(k) = {I
i|Xψ(n) : i ∈ Z } ⊂ Gr(P[ψ(n)])(k)
∼= Pic0(Xψ(n)).
Corollary 3.4.4. The morphism q : Pic0(X) −→ J(S) in (38) maps P[ψ(n)](S) onto J [n](S),
thus inducing an isogeny of connected quasi-algebraic groups
qn : Gr(P[ψ(n)]) −→ Grn(J)
whose kernel is generated by the element I|Xψ(n) ∈ Gr(P[ψ(n)])(k) = Pic
0(Xψ(n)). Furthermore
q is an epimorphism in the abelian category of Serre pro-algebraic groups (in particular it is
surjective on k-sections), and the kernel of q is isomorphic to Z/dZ.
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Proof. According to the previous theorem, we have q(P[ψ(n)](S)) ⊂ J [n](S), hence q induces
the isogeny qn with properties as stated in the corollary. In particular, being a projective limit
of surjective morphisms of quasi-algebraic groups, q is an epimorphism in the category of Serre
pro-algebraic groups. In order to finish the proof, we need only establish that the last inclusion
is in fact an equality. To see this, we consider the quotient of J [n](S) by q(P[ψ(n)](S)). By
applying the snake Lemma to the following diagram with exact rows
0 // P[ψ(n)](S) //

Pic0(X) //
q

Gr(P[ψ(n)]) //
qn

0
0 // J [n](S) // J(S) // Grn(J) // 0
we find that the quotient J [n](S) by P[ψ(n)](S) is a finite pro-algebraic group. Since J [n]/S
has connected fibres, the pro-algebraic group J [n](S) is connected, hence the cokernel of the
left vertical arrow is necessarily trivial. Thus q(P[ψ(n)](S)) = J [n](S). The kernel of q is cyclic
of order d because the kernel of any qn is a constant finite group and the kernel of q in (12) is
isomorphic to Z/dZ and is generated by I ([21], The´ore`me 6.4.1 (3)).
Corollary 3.4.5. Let XK/K be a torsor under an elliptic curve, and X/S its proper regular
minimal model. The following conditions are equivalent:
(i) The S-scheme X/S is cohomologically flat in dimension 0.
(ii) The Picard functor Pic0X/S is representable, and the canonical map Pic
0
X/S → J is e´tale.
(iii) The extension of Serre pro-algebraic groups associated to X/S deduced from 3.4.4
0 −→ Z/dZ −→ Pic0(X)
q
−→ J(S) −→ 0
lies in the subgroup Ext1(Gr1(J),Z/dZ) ⊂ Ext1(J(S),Z/dZ).
Proof. The equivalence between (i) and (ii) follows from Proposition 5.2 of [21] and from Corol-
lary 2.3.3. To see (i)⇔ (iii), suppose first that X/S is cohomologically flat in dimension 0,
namely I|X1 is of order d (Corollary 2.3.3); we then have the following commutative diagram
0 // Z/dZ // Pic0(X)
q //

J(S) //

0
0 // Z/dZ // Gr(P[1])
q1 // Gr1(J) // 0
In particular, we get (iii). Conversely, if condition (iii) holds, the morphism q induces an
isomorphism between q−1(J [1](S)) and J [1](S) = ker(J(S) → Gr1(J)). In particular, Serre
pro-algebraic group q−1(J [1](S)) is connected. On the other hand, q−1(J [1](S)) contains the
subgroup Gr(P[1]) of index d/d′ with d′ the order of I|X1 . As a result, we find q
−1(J [1](S)) =
Gr(P[1]) by the connectedness of J [1](S). Therefore, d = d′, and I|X1 is of order d, hence X/S
is cohomologically flat in dimension 0 (Corollary 2.3.3).
We record the following fact, which will not be used in the rest of this paper.
Remark 3.4.6. For each integer n ≥ 1, let N [n] be the kernel of the morphism of S-group
schemes θ[n] : G[n] → J [n] obtained inductively by a sequence of dilatations of θ : G → J in the
proof of Theorem 3.4.3 (and its omitted induction steps). The proof of Theorem 3.4.3 (especially
of Lemma 3.4.2 (ii)) shows that the scheme N [n] is normal. Moreover, one can verify that the
scheme N [n] is smooth over S for sufficiently large n.
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4 Shafarevich’s pairing
Let AK be an abelian variety over K. We construct in this section via the rigidified Picard
functor a homomorphism Ξ′ : H1(K,AK) → Hom(π1(Gr(A
′)),Q/Z) which coincides with the
restriction of (8) to the n-parts when n ∈ Z>0 is prime to p, and more generally, for all positive
integers n in the mixed characteristic case (Theorem 4.4.1). In Section 5, we will use these
constructions to study the morphism Φd in (5). All group schemes we will work with are
assumed to be commutative.
4.1 The component group of a torus
One of the key facts in the construction of Shafarevich’s duality is the pro-algebraic structure
of the cohomology group H1fl(K,µn), where µn denotes the finite subgroup scheme of n-th roots
of unity in the multiplicative group Gm,K . We first recall this construction. Observe that the
Ne´ron model T over S = Spec(OK) of a torus TK is locally of finite type over S, but, in general,
not of finite type over S. It is of finite type over S if and only if TK does not contain split
tori (cf. [5], 10.2/1). Let ΛK denote the character group of TK . If TK has no non-trivial split
quotient, i.e., if ΛK(K) = {0}, then T is of finite type.
Lemma 4.1.1. There exists a functorial construction that associates to a finite multiplicative
group scheme FK a Serre pro-algebraic group H
1(K,FK) whose group of k-rational points is
isomorphic to H1fl(K,FK).
Proof. (Cf. [1], 4.3.) Let f : T1,K → T2,K be an isogeny of tori with kernel FK . Let Λi,K
(respectively Ti) be the character group (respectively the Ne´ron model) of Ti,K , i = 1, 2. Let
T
(d)
1,K denote the torus (de´ploye´) whose character group is the constant free group Λ1,K(K), and
similarly for T
(d)
2,K . They are split tori with isomorphic component groups, say Z
r. Furthermore
the isogeny f induces an isogeny f (d) : T
(d)
1,K → T
(d)
2,K that is injective on component groups. The
torus T ′i,K , defined as the kernel of the quotient map Ti,K → T
(d)
i,K , admits a Ne´ron model of
finite type over S because its character group is Λ′i,K
∼= Λi,K/Λi,K(K). Since K is a (C1)-field,
tori are cohomologically trivial. Hence there is an isomorphism Ti,K(K)/T
′
i,K(K)
∼
→ T
(d)
i,K(K)
and the complexes of component groups
π0(T
′
i ) −→ π0(Ti) −→ π0(T
(d)
i ) −→ 0, i = 1, 2,
are exact. One deduces from this fact that the kernel and the cokernel of the homomorphism
π0(T1)→ π0(T2) are finite groups.
The identity components of the Ne´ron models Ti are smooth group schemes of finite type
([5], 10.1). Hence their perfect Greenberg realizations are Serre pro-algebraic groups. Let P
denote the cokernel of the map Gr(T 01 )→ Gr(T
0
2 ). Now, the cokernel H
1(K,FK) of the map
Gr(T1) → Gr(T2) is an extension of the finite group π0(T2)/π0(T1) by the quotient of P by
a finite constant group, hence it is a Serre pro-algebraic group. By construction the group of
k-points of H1(K,FK) is H
1
fl(K,FK). Furthermore, the pro-algebraic group H
1(K,FK) does
not depend on the isogeny f ([1], 4.3 (b)).
For the functoriality, consider a morphism of finite multiplicative group schemes g : FK → F
′
K
and let f : T1,K → T2,K be an isogeny of tori with kernel FK . Then F
′
K embeds in T
′
1,K :=
T1,K/ ker(g) and we have an isogeny of tori f
′ : T ′1,K → T2,K with kernel F
′
K . Since f factors
through f ′, we get a morphism H1(K,FK)→ H
1(K,F ′K).
For our later work we will also need the following result:
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Lemma 4.1.2. Let 0 → TK → GK → AK → 0 be an extension of an abelian variety AK by a
torus TK . Let A, G, T , be the Ne´ron models of AK , GK , TK , respectively, over S. Then the
above sequence induces a homomorphism of profinite groups π1(Gr(A)) → π0(T )tor where the
index tor indicates the torsion subgroup.
Proof. The sequence of Ne´ron models of the above extension is exact on S-sections; indeed,
by the universal property of Ne´ron models, TK(K) = T (S), GK(K) = G(S), AK(K) = A(S),
and TK is cohomologically trivial. Hence the sequence of Ne´ron models provides an extension
of perfect k-schemes 0 → Gr(T ) → Gr(G) → Gr(A) → 0. If T is of finite type, π0(T )tor =
π0(T ) ∼= π0(Gr(T )) is finite. Furthermore the above sequence is a sequence of Serre pro-algebraic
groups, and the desired map comes from the long exact sequence of the πi’s (see § 1.2,(iii)).
Suppose that T is locally of finite type. Since k is algebraically closed, π0(T ) = π0(T )tor ⊕
π0(T )fr with π0(T )fr torsion-free. Let T
ft be the maximal subgroup of T whose component group
is finite. In particular, T ft contains the identity component T 0 and π0(T
ft)
∼
→π0(T )tor. Then the
sequence we started with extends to a sequence 0 → T ft → G˜ → A0 → 0 that is exact on S-
sections because all extensions of A0 by T/T ft are trivial ([10], § 5.7, 5.5). Then we have an exact
sequence of Serre pro-algebraic groups 0 → Gr(T ft) → Gr(G˜) → Gr(A0) → 0. By the long
exact sequence of the πi’s we get then a map π1(Gr(A
0))→ π0(Gr(T
ft)). The conclusion follows
using the canonical isomorphisms π1(Gr(A
0))
∼
→ π1(Gr(A)) and π0(Gr(T
ft))
∼
→ π0(T )tor.
In the case FK = µn we can describe explicitly the component group of H
1(K,FK).
Lemma 4.1.3. The component group of H1(K,µn) is canonically isomorphic to Z/nZ.
Proof. Using the Kummer sequence 0 → µn → Gm,K → Gm,K → 0, we get that H1(K,µn)
is the cokernel of the n-multiplication on Gr(G) with G the Ne´ron model of Gm,K over S.
By the right exactness of the functor π0, we then get the isomorphisms π0(H
1(K,µn)
∼
←
π0(Gr(G))/nπ0(Gr(G))
∼
→ Z/nZ, since π0(Gr(G)) is canonically isomorphic to π0(Gs), and
hence to Z (see §1.2 (i)).
4.2 Be´gueri’s construction
In this section we assume that K has characteristic 0. Given K-schemes ZK and UK , let ZUK
denote the fibred product ZK ×K UK , viewed as a scheme over UK . Furthermore, we will
identify any commutative K-group scheme with the corresponding fppf sheaf so that Hom and
Ext groups or sheaves are always meant for the fppf topology.
Let XK be a K-torsor under AK and let n be a positive integer such that n[XK ] is trivial
in H1fl(K,AK). Since the order of XK is defined as the order of [XK ], it is the minimum among
such integers. The element [XK ] in H
1
fl(K,AK) corresponds to an extension of group schemes
over K
(52) 0 −→ AK −→ BK −→ Z −→ 0,
so that the fibre at 1 ∈ Z is isomorphic to XK ([10], VII, §1.4). Since the class of XK in
H1fl(K,AK) is n-torsion, the exact sequence (52) is the pull-back along Z → Z/nZ of a, not
unique, extension
(53) η : 0 −→ AK
α
−→ EK −→ Z/nZ −→ 0
and XK is isomorphic to the fibre of EK at 1 ∈ Z/nZ. Let
(54) ηn : 0 −→ nAK −→ nEK −→ Z/nZ −→ 0
38
be the sequence of n-torsion subgroups. Consider also the exact sequence
(55) 0 −→ µn −→ V
∗
nEK
−→ Ext1(EK ,Gm)nEK
τE−→ Ext1(EK ,Gm) ∼= A
′
K −→ 0
(cf. [1], 2.3.2) where V ∗
nEK
denotes the torus ℜ
nEK/K(Gm,nEK ) representing the Weil restriction
functor that associates to aK-scheme S′ the group Gm,K(S′×KnEK) ([5], 7.6). The isomorphism
on the right is due to the vanishing of the sheaf Exti(Z/nZ,Gm) for i = 1, 2; to prove this fact
recall that n : Gm → Gm is an epimorphism for the fppf topology and that Exti(Z,Gm) = 0 for
i > 0. Observe that
µn ∼= Hom(Z/nZ,Gm)
∼
−→ Hom(EK ,Gm).
The second map in (55) sends a homomorphism f : EK → Gm,K to its restriction to nEK ,
while the third arrow sends g ∈ Gm,K(nEK) to (the isomorphism class of) the trivial extension
endowed with the section g, and the map τE forgets the rigidification along nEK .
We now describe Be´gueri’s construction of Shafarevich’s duality following [1]. Let FK be a
finite K-group scheme and FDK its Cartier dual. There is a short exact sequence (cf. [1], 2.2.1)
(56) 0 −→ FDK −→ V
∗
FK −→ Ext
1(FK ,Gm)FK −→ 0,
where the second map forgets the group structure and the third map associates to each f ∈
Gm,K(FK) the trivial extension endowed with the rigidification induced by f . We also recall the
following exact sequence (cf. [1], 2.3.1)
(57) 0 −→ V ∗
nAK
−→ Ext1(AK ,Gm)nAK
τA−→ A′K −→ 0.
In [1], 8.2.2, Be´gueri first constructs a map
Γ: H1fl(K, nAK) −→ Ext
1(Gr(A′),H1(K,µn))
as follows: any element in H1fl(K, nAK) corresponds to a sequence ηn as in (54). Consider now
the diagram
µn _

µn _

0

V ∗Z/nZ
//
v1

V ∗
nEK
//
v2

V ∗
nAK
v3

Ext1(Z/nZ,Gm)Z/nZ

// Ext1(EK ,Gm)nEK
τE

// Ext1(AK ,Gm)nAK
τA

0 A′K A
′
K
where the rows are complexes and the vertical sequences are those in (56), for FK = Z/nZ,
(55), (57), respectively. Since K has characteristic 0, the second row consists of tori, while the
third row consists of semi-abelian varieties. Hence they all admit Ne´ron models, locally of finite
type over S. On passing to the perfection of the Greenberg realization of the Ne´ron models
and considering the cokernels of the maps induced by v1, v2, v3, one gets a complex of Serre
pro-algebraic groups (cf. Lemma 4.1.1)
(58) 0 −→ H1(K,µn) −→ Ext
1(EK,Gm) −→ Gr(A
′) −→ 0;
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this is indeed an exact sequence because on k-points it induces the exact sequence
0 −→ Ext1(Z/nZ,Gm) −→ Ext
1(EK ,Gm) −→ Ext
1(AK ,Gm) −→ 0,
where the group on the left is isomorphic to H1fl(K,µn) and the one on the right is isomorphic
to A′(OK). We have thus associated with (54) an extension of Gr(A
′) by H1(K,µn): this is
the image of (54) via Γ.
The homomorphism
ψn : H
1
fl(K, nAK) −→ Ext
1(Gr(A′0),Z/nZ)
in [1], 8.2.3, is then obtained by applying first Γ, then the pull-back along Gr(A′0) → Gr(A′)
and, finally, the push-out along H1(K,µn)→ π0(H
1(K,µn)) ∼= Z/nZ (cf. Lemma 4.1.3). Let
(59) ψn(ηn) : 0 −→ Z/nZ −→W (XK) −→ Gr(A
′0) −→ 0
denote the image of (54) via ψn. Recall now that (cf. [24], 5.4)
(60) Ext1(Gr(A′0),Q/Z)
∼
−→ Hom(π1(Gr(A
′0)),Q/Z)
∼
←− Hom(π1(Gr(A
′)),Q/Z).
In terms of homomorphisms of profinite groups, the extension (59) then corresponds to a map
(61) uτ = uτXK : π1(Gr(A
′)) −→ π0(H
1(K,µn)) ∼= Z/nZ ⊂ Q/Z
deduced from (58) (or equivalently, from the pull-back of (58) along Gr(A′0)→ Gr(A′)) via the
long exact sequence of πi’s.
Theorem 4.2.1 ([1], 8.2.3, 8.3.6). (i) The extension class ψn(ηn) in (59) depends only on the
class of the sequence (52), i.e., on [XK ]; furthermore, ψn factors through an isomorphism
Ψn : nH
1
fl(K,AK)
∼
→ Ext1(Gr(A′0),Z/nZ).
(ii) Let n′, n ∈ Z>0, with n|n′; then the following diagram
nH
1
fl(K,AK)
//
Ψn

n′H
1
fl(K,AK)
Ψn′

Ext1(Gr(A′0),Z/nZ) // Ext1(Gr(A′0),Z/n′Z)
commute, where the upper horizontal arrow is the usual inclusion of torsion subgroups of
H1fl(K,AK) and the lower horizontal arrow is the push-out along the inclusion Z/nZ →
Z/n′Z (in Q/Z).
(iii) Passing to the limit on n, the homomorphisms Ψn provide an isomorphism H
1
fl(K,AK)
∼
→
Ext1(Gr(A′0),Q/Z) and hence Shafarevich duality H1fl(K,AK)
∼
→ Hom(π1(Gr(A
′)),Q/Z)
in (8) via the isomorphisms (60).
Hence we can deduce that
Corollary 4.2.2. Shafarevich’s duality H1fl(K,AK)
∼
→ Hom(π1(Gr(A
′)),Q/Z) in (8) maps the
class of the torsor XK to the homomorphism u
τ
XK
in (61).
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We give now an alternative construction of the map ψn that will be useful for further appli-
cations. The kernel of τE in (55) is a torus, which, for brevity, will be denoted by T
τ
K . Let T
τ
be its Ne´ron model over S. We have an exact sequence
0 −→ T τK −→ G
τ
K := Ext
1(EK ,Gm)nEK
τE−→ A′K −→ 0
which extends to a sequence of Ne´ron models
(62) 0 −→ T τ −→ Gτ−→A′ −→ 0
which is exact on S-sections because T τK is cohomologically trivial. On applying the perfection
of the Greenberg functor we get an exact sequence
(63) 0 −→ Gr(T τ ) −→ Gr(Gτ )
τ
−→ Gr(A′) −→ 0
where the first two groups are not Serre pro-algebraic groups in general, because they are
projective limits of perfect schemes not necessarily of finite type. Let j∗V
∗
nEK
denote the Ne´ron
model over S of the torus V ∗
nEK
. Since the map VnEK → T
τ
K , deduced from (55), is an isogeny
with kernel µn, we have an exact sequence
Gr(j∗V
∗
nEK
) −→ Gr(T τ )
hτ
−→ H1(K,µn) −→ 0,
as explained in the proof of Lemma 4.1.1. Now take the push-out of (63) along hτ ; by construc-
tion, the resulting exact sequence is the one in (58), i.e., the image of (54) via Γ. Hence, if one
considers the pull-back of (63) along Gr(A′0)→ Gr(A′),
(64) 0 −→ Gr(T τ ) −→ U −→ Gr(A′0) −→ 0,
and then the push-out of (64) along the composition of maps
Gr(T τ )
hτ
−→ H1(K,µn) −→ π0(H
1(K,µn)) ∼= Z/nZ,
one gets the extension ψn(ηn) in (59), i.e., the image of [XK ] via Shafarevich’s duality.
Thanks to this new description of Shafarevich’s map, we can characterize the map uτ in
(61) as follows: let T τ,ft be the maximal subgroup scheme of finite type in T τ and consider the
sequence, exact on S-sections,
0 −→ T τ,ft −→ G′ −→ A′0 −→ 0,
and obtained from (62), as explained in the proof of Lemma 4.1.2. Then ψn(ηn), i.e., the
push-out of (64) along hτ is isomorphic to the push-out of
(65) 0 −→ Gr(T τ,ft) −→ Gr(G′) −→ Gr(A′0) −→ 0
along the composition of maps hτ,ft : Gr(T τ,ft)→ Gr(T τ )
hτ
→ H1(K,µn). Hence
(66) uτXK = π0(h
τ,ft) ◦ uτ,ft,
where the homomorphism uτ,ft : π1(Gr(A
′)) → π0(Gr(T
τ,ft)) is deduced from (65) via the long
exact sequence of the πi’s.
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4.3 An alternative construction using rigidificators
Let XK be a torsor under an abelian variety AK . We will see in this section how the homomor-
phism uτ in (61) (and in (66)) can be constructed using a rigidificator xK of the relative Picard
functor PicXK/K ([21], 2.1.1). Observe that any closed point of XK provides a rigidificator of
PicXK/K .
Lemma 4.3.1. Let XK be a torsor under an abelian variety AK , of order d. Let d
′ be the
separable index of XK , i.e., the greatest common divisor of the degrees of its finite separable
splitting extensions. Then d|d′. If AK is an elliptic curve, then d = d
′ and the index is indeed
the degree of a minimal separable splitting extension.
Proof. For the first assertion see [13], comments at pp. 663-664 and Proposition 5. For the
latter assertion on elliptic curves see [6], Thm. 9.2.
Remark 4.3.2. Let xK = Spec(K
′) with K ′/K a finite separable extension of degree n. Then
the torus V ∗xK := ℜK ′/K(Gm,K ′) has component group isomorphic to Z and the closed immersion
Gm,K → V ∗xK ([5], p. 197 last lines), that is the inclusion K
∗ ⊂ K ′∗ on K-sections, induces the
n-multiplication n : Z→ Z on component groups of Ne´ron models over S.
The main idea here is to use in (55) a rigidificator xK of PicXK/K in place of nEK . The
advantage is that the new construction works even for K of positive characteristic; in the latter
case we choose xK e´tale so that V
∗
xK := ℜxK/K(Gm,xK ) is still a torus.
Observe that a rigidificator xK is a closed subscheme of EK and the homomorphisms
Hom(EK ,Gm) −→ V
∗
xK
is still a closed immersion. Indeed any homomorphism f : EK → Gm factors through ρ : EK →
Z/nZ and if f|xK = 0 then f|XK = 0 because xK is a rigidificator. However XK is the fibre at 1
of ρ and hence also f = 0. We then have an exact sequence
(67) 0 −→ µn −→ V
∗
xK
−→ Ext1(EK ,Gm)xK −→ A
′
K −→ 0
after recalling the isomorphisms µn ∼= Hom(Z/nZ,Gm)
∼
→ Hom(EK ,Gm). More generally, for
any finite e´tale subscheme ZK of EK which satisfies the following property
(∗) the canonical map Hom(EK ,Gm) −→ V ∗ZK is a closed immersion,
we can construct an exact sequence as in (67).
Let TK denote the torus T
x
K := V
∗
xK
/µn. The sequence (67) induces an exact sequence
(68) 0 −→ TK −→ Ext
1(EK ,Gm)xK −→ A
′
K −→ 0,
and hence a sequence which is exact on S-sections (see proof of Lemma 4.1.2)
(69) 0 −→ T ft −→ G′′ −→ A′0 −→ 0,
where T ft is the maximal subgroup of finite type over S of the Ne´ron model T of TK . Now
consider the cokernel
(70) Gr(j∗V
∗
xK )
gx
−→ Gr(T )
h
−→ H1(K,µn) −→ 0
of the homomorphism between the perfect Greenberg realizations of the Ne´ron models of V ∗xK
and TK ; by Lemma 4.1.1 it is a Serre pro-algebraic group whose group of k-points is H
1
fl(K,µn).
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In order to provide a more useful description of the map uτ in (61), consider the perfect
Greenberg realization of (69)
(71) 0 −→ Gr(T ft) −→ Gr(G′′) −→ Gr(A′0) −→ 0,
and then its push-out along the composition of maps
(72) hft : Gr(T ft) −→ Gr(T )
h
−→ H1(K,µn).
We obtain an exact sequence
ζ : 0 −→ H1(K,µn) −→W
′ −→ Gr(A′0) −→ 0
and hence a homomorphism
uXK = u : π1(Gr(A
′)) −→ π0(H
1(K,µn)) ∼= Z/nZ ⊂ Q/Z
such that
(73) u = π0(h
ft) ◦ uft,
where uft : π1(Gr(A
′)) → π0(Gr(T
ft))
∼
→ π0(T )tor is deduced from the long exact sequence of
the πi’s of (71).
Proposition 4.3.3. The map Ξ: H1(K,AK) → Hom(π1(Gr(A
′)),Q/Z), with [XK ] 7→ uXK , is
a group homomorphism. If char(K) = 0 the homomorphism uXK in (73) coincides with the
homomorphism uτXK in (61). In particular, the homomorphism Ξ is Shafarevich’s duality in
(8).
Proof. We start by showing that, once XK has been fixed, the construction of u : π1(Gr(A
′))→
Q/Z in (73) does not depend on the choices of xK , n and η ∈ Ext1(Z/nZ, AK) above XK .
First we see that u does not depend on the e´tale finite closed subscheme xK of EK satisfying
(∗). Let xK ⊆ yK be two e´tale subschemes of EK satisfying (∗). Let T
x
K , h
x, hft,x, u′x, ux denote,
respectively, the torus in (68), the maps in (70), (72) and (73) for xK , and similarly for yK . The
canonical morphism of tori T yK → T
x
K induces a morphism β : T
y,ft → T x,ft between the maximal
subgroups of finite type of the Ne´ron models over S. Denote by β′ : Gr(T y,ft) → Gr(T x,ft)
the corresponding map on perfect Greenberg realizations. One then has β′ ◦ hx,ft = hy,ft and
π0(h
y,ft) = π0(h
x,ft) ◦ π0(β
′). Furthermore the sequence (71) for xK is the push-out along β
′ of
the sequence (71) for yK . Hence u
x,ft = π0(β
′) ◦ uy,ft. We conclude then that
(74) ux = π0(h
x,ft) ◦ ux,ft = π0(h
x,ft) ◦ π0(β
′) ◦ uy,ft = π0(h
y,ft) ◦ uy,ft = uy.
Let now n, nˆ be positive integers such that n[XK ] = 0 and n|nˆ. We can consider the pull-back ηˆ
of η in (53) along the projection Z/nˆZ→ Z/nZ. If we proceed with ηˆ as we have done for η, we
get a map uˆ : π1(Gr(A
′)) → Q/Z. Observe that the 2-fold extension (67) for ηˆ is the push-out
along µn → µnˆ of (67) and that the map π0(H
1(K,µn)) → π0(H
1(K,µnˆ)) is the inclusion
Z/nZ→ Z/nˆZ. It is now immediate to check that the maps uˆ and u coincide.
We have thus obtained a map
(75) Ext1(Z/nZ, AK) −→ Hom(π1(Gr(A
′)),Q/Z), η 7→ u.
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To check that this map is indeed a homomorphism, observe that it is functorial in AK . Fur-
thermore we could repeat the construction with any finite constant group FK in place of Z/nZ
obtaining in this way a map
Ext1(FK , AK) −→ Hom(π1(Gr(A
′)), π0(H
1(K,FDK )))
with FDK the Cartier dual of FK . This construction is functorial in FK . The functoriality results
are sufficient to conclude that the map in (75) is a homomorphism, because the Baer sum of
two extensions as in (53) is found by first taking the direct sum of the two extensions, then
applying the push-out along the multiplication of A′K and finally applying the pull-back along
the diagonal map Z/nZ→ Z/nZ⊕ Z/nZ.
Suppose now that n and xK are fixed. We show that the map u is trivial if XK is trivial,
i.e., the map in (75) factors through H1fl(K,AK)
∼= Ext1(Z, AK). Suppose that XK is trivial
and choose a K-point xK of XK . In particular, V
∗
xK
= Gm,K , TK ∼= Gm,K and π0(T ) ∼= Z.
Hence T ft = Gm,OK , the homomorphism u
ft : π1(Gr(A
′)) → π0(Gr(T
ft)) = 0 is the zero map
and u = 0.
Suppose now that char(K) = 0. To see that the homomorphism [XK ] 7→ uXK is Shafarevich’s
duality, it is sufficient to check that the homomorphisms uτ in (61) and u in (73) coincide (see
Corollary 4.2.2). Consider then a finite separable extension K ′/K splitting (54) and a point
xK = Spec(K
′) of nEK above 1. In particular xK is a rigidificator of PicXK/K . Set yK = nEK .
Then, uy coincides with the map uτ in (66) and one can repeat the arguments used in (74) to
showing that uτ = uy = ux.
Remark 4.3.4. The original construction by Be´gueri works only for K of characteristic zero
because in the case of positive characteristic the scheme V ∗
nEK
(and hence T τK) need not be a
torus; in particular it might not admit a Ne´ron model over S. The construction via rigidificators
described in this section works in any characteristic. For char(K) = p it is not clear that the
homomorphism Ξ in Proposition 4.3.3 is Shafarevich’s duality in (8) (see also [2], Theorem 3).
We will see in Proposition 4.5.1 that this is the case on the prime-to-p parts.
4.4 A construction via the Picard functor
Let AK be an abelian variety. In this section we present a third possible construction of a
homomorphism H1(K,AK)→ Hom(π1(Gr(A
′)),Q/Z), this one making use of the relative Picard
functor. We will see in Theorem 4.4.1 that the new construction always coincides with the one
in Proposition 4.3.3 and hence with Shafarevich’s duality in the characteristic 0 case.
Let XK be a torsor under AK and xK = Spec(K
′) a closed point of XK with K
′/K a
finite separable extension of degree n; it exists by the smoothness of XK , and n[XK ] = 0 by
Lemma 4.3.1. No assumption on the characteristic of K is made.
Consider the exact sequence (cf. [21], 2.4.1)
(76) 0 −→ V ∗XK −→ V
∗
xK −→ (PicXK/K , xK)
0 −→ A′K −→ 0
where we use that A′K
∼
→ Pic0XK/K (Remark 2.1.2). Observe that V
∗
XK
:= ℜXK/K(Gm,XK )
∼=
Gm,K ([21], 2.4.3), V ∗xK is a torus and hence so too is NK := V
∗
xK
/Gm,K . Let N denote its Ne´ron
model. Observe that it follows from Remark 4.3.2 that the component group of N is cyclic of
order n, hence its perfect Greenberg realization is a Serre pro-algebraic group.
We proceed as in the previous section, first by passing to Ne´ron models and then applying
the perfect Greenberg realization to the sequence
(77) 0 −→ NK −→ (PicXK/K , xK)
0 hK−→ A′K −→ 0,
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so that we obtain an exact sequence of Serre pro-algebraic groups
0 −→ Gr(N ) −→ Gr(j∗(PicXK/K , xK)
0)
h
−→ Gr(A′) −→ 0,
and hence a homomorphism
(78) v = vXK : π1(Gr(A
′)) −→ π0(Gr(N )) ∼= Z/nZ ⊂ Q/Z.
In order to compare this construction with the (modified) Be´gueri construction of the previ-
ous section, i.e., in order to compare the maps u in (73) and v in (78), we consider the following
diagram
(79) 0 // TK //
tK

Ext1(EK ,Gm)xK
fK

// A′K
// 0
0 // NK // (PicXK/K , xK)
0 hK // A′K
// 0
where the upper sequence is (68), the lower one is (77), tK : TK :=V
∗
xK/µn → V
∗
xK/V
∗
XK
∼
→ NK is
induced by the identity on V ∗xK , and fK associates to a Gm-extension LK of EK endowed with a
xK-section σ its restriction (as torsor) to XK endowed with the trivialization along xK induced
by σ. The morphism tK is surjective and its kernel is V
∗
XK
/µn ∼= Gm,K/µn ∼= Gm,K .
Consider now the induced diagram on Ne´ron models (with exact rows when restricting to
S-sections)
(80) 0 // T ft //

tft

G′′

// A′0

// 0
T 
 //
t

j∗Ext
1(EK ,Gm)xK
f

// A′ // 0
0 // N // j∗(PicXK/K , xK)
0 // A′ // 0
where the first row is (69). Here j∗HK is just a notation for the Ne´ron model ofHK when it exists.
The homomorphism u in (73) is the composition of the homomorphism uft : π1(Gr(A
′0)) →
π0(Gr(T
ft)) (deduced from the upper sequence) with the homomorphism
π0(h
ft) : π0(T
ft) = π0(Gr(T
ft)) −→ π0(H
1(K,µn)),
where hft was introduced in (72). It now follows form the above diagram that the map
v : π1(Gr(A
′))→ π0(Gr(N )) in (78), obtained from the lower exact sequence, satisfies
(81) v = π0(t
ft) ◦ uft.
We are going to check that u and v coincide up to sign, by showing that, up to canonical
identifications we have π0(h
ft) = −π0(t
ft). To see this fact, consider the following diagram with
exact rows and columns
0 // µn // V
∗
XK
∼= Gm,K
n //

Gm,K //

0
0 // µn // V
∗
xK
//

TK //
tK

0
NK NK
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where the middle horizontal sequence is deduced from (67) while the middle vertical sequence
comes from (76). Consider the induced diagram of component groups of Ne´ron models
Z n // _

Z _

π0(T
ft) = π0(T )tor
I i
ι
ww
π0(tft)
~~
π0(j∗V
∗
xK
) //

π0(T )

π0(N ) π0(N )
where ι is the inclusion map and the vertical sequences are left exact because Z is torsion free
(cf. [10], VIII 5.5). We complete the diagram by inserting the cokernels of the horizontal maps
0 // Z _

n // Z //

Z/nZ //
≀

0
0 // π0(j∗V
∗
xK )
//

π0(T )
π0(h)//
π0(t)

π0(H
1(K,µn)) // 0
π0(N ) π0(N ) π0(T
ft)
π0(hft)
OO
π0(tft)
oo
4 T
ι
gg
where π0(h)◦ι = π0(h
ft) (see (72)) and π0(t)◦ι = π0(t
ft) (see (80)). By Remark 4.3.2, π0(j∗V
∗
xK
)
is isomorphic to Z, π0(N ) is isomorphic to Z/nZ and, under these identifications, the left vertical
sequence coincides with the upper horizontal sequence. More precisely, we have
π0(N )
∼
−→ Z/nZ
∼
−→ π0(H
1(K,µn))
where the first isomorphism maps the image of the class of a uniformizer π′ ∈ K ′∗ = V ∗xK (K) to
the class of 1, while the second isomorphism maps the class of 1 to the image of the cohomology
class corresponding to a uniformizer π ∈ K∗ = Gm,K(K). Furthermore, the middle vertical
sequence splits as does the middle horizontal sequence, and we may identify π0(T ) with Z⊕Z/nZ
so that π0(h)(a⊕ b¯) = a¯− b¯ and π0(t)(a⊕ b¯) = b¯ with b¯ the class of b ∈ Z modulo nZ. Let σ be
the section of π0(t) mapping b¯ to 0⊕ b¯. Then π0(h) ◦σ = −idZ/nZ. Furthermore σ ◦π0(t) ◦ ι = ι
because σ ◦ π0(t) ◦ ι− ι factors through Z and thus is trivial because π0(T ft) is torsion. Hence
π0(h
ft) = π0(h) ◦ ι = π0(h) ◦ σ ◦ π0(t) ◦ ι = −t ◦ ι = −π0(t
ft),
and thanks to (81) and (73), we get v = π0(t
ft) ◦ uft = −π0(h
ft) ◦ uft = −u. We can then
state the main result which is an immediate consequence of what we have just proved and
Proposition 4.3.3:
Theorem 4.4.1. Let AK be an abelian variety over K. The homomorphism
Ξ′ : H1(K,AK) −→ Hom(π1(Gr(A
′)),Q/Z)
mapping the class [XK ] of the torsor XK to the homomorphism −vXK : π1(Gr(A
′))→ Q/Z (see
(78)) coincides with the homomorphism Ξ in Proposition 4.3.3 mapping [XK ] to the homomor-
phism uXK in (73). If furthermore the characteristic of K is zero, then −vXK = uXK coincides
with Be´gueri’s homomorphism uτXK in (61) and hence Ξ
′ is Shafarevich’s duality in (8).
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4.5 Comparison on the prime-to-p parts
We have seen in Theorem 4.4.1 that the homomorphisms Ξ and Ξ′ always coincide, and in the
mixed characteristic case, that they coincide with Shafarevich’s duality in (8); in particular
they are isomorphisms. For K of characteristic p, it is not clear in general either that they are
isomorphisms or that they correspond to Shafarevich’s duality in (8) (see also [2], Theorem 3).
However, we have a partial result on the prime-to-p parts where Shafarevich’s duality is quite
easy to describe.
We recall here what Shafarevich’s duality looks like on the prime-to-p parts. Let n = lr be
a positive integer, prime to p, and large enough to kill the l-primary parts of the component
groups of AK and A
′
K . Consider the perfect cup product pairing
〈 , 〉 : H1(K, nAK)× nA
′
K(K) −→ H
1(K,µn) ∼= Z/nZ
on the (e´tale or flat) cohomology groups of the n-torsion subgroups of AK and A
′
K . Given an
extension ηn as in (54) (which corresponds to the torsor XK) and a point a ∈ nA
′
K(K), then
〈ηn, a〉 is the class of the pull-back along a : Z→ nA′K of the Cartier dual of ηn,
ηDn : 0 −→ µn −→ nE
D
K −→ nA
′
K −→ 0,
and it corresponds to the image of a along the boundary map ∂ : nA
′
K(K) → H
1(K,µn). Fur-
thermore, if nA
′0 denotes the quasi-finite subgroup of n-torsion sections of A′0, we have
π1(Gr(A
′))/nπ1(Gr(A
′))
∼
−→ nA
′0(OK)
∼
←− n2A
′(OK)/nA
′(OK),
H1(K, n2AK)/H
1(K, nAK)
∼
−→ nH
1(K,AK)
and hence a perfect pairing
(82) nH
1(K,AK)× π1(Gr(A
′))/nπ1(Gr(A
′)) −→ H1(K,µn) ∼= Z/nZ.
Now, using the isomorphism
Hom(π1(Gr(A
′))/nπ1(Gr(A
′)),Z/nZ)
∼
−→ Hom(π1(Gr(A
′)),Z/nZ),
the pairing in (82) provides an isomorphism
(83) nH
1(K,AK)
∼
−→ Hom(π1(Gr(A
′)),Z/nZ),
that is the restriction of (8) to the n-parts (cf. [2] § 1).
Now, we will show that (83) coincides with the restriction to the n-parts of the homomor-
phism Ξ in Proposition 4.3.3. The map uτXK : π1(Gr(A
′)) → π0(H
1(K,µn)) ∼= H
1(K,µn) in
(61) can also be viewed as the composition
(84) π1(Gr(A
′))
δ
−→ nA
′(OK)
∼
−→ nA
′
K(K)
∂
−→ H1(K,µn) ∼= Z/nZ ⊂ Q/Z
where the first map is deduced from the exact sequence
0 −→ nA
′
K −→ A
′
K
n
−→ A′K −→ 0
on passing to Ne´ron models. More precisely we have
0 −→ nA
′ −→ A′
n
−→ nA′ −→ 0
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where nA′ is a subgroup scheme of A′ that contains A′0. In particular, on applying the perfect
Greenberg realization functor, we get a homomorphism
(85) δ : π1(Gr(A
′)) −→ nA
′(OK)
via the canonical isomorphisms π1(Gr(nA
′))
∼
→ π1(Gr(A
′)), nA
′(OK) ∼= Gr(nA
′)
∼
→ π0(nA
′).
Let now XK be a torsor under AK of order d with d a power of a prime integer l, l 6= p.
Let n = lr be a multiple of d large enough to kill the l-primary parts of the component groups
of AK and A
′
K . Fix an extension corresponding to XK as in (53), and let xK = Spec(K
′) be a
rigidificator of PicXK/K contained in nEK , i.e., a point of nEK above 1 ∈ Z/nZ in (54). We show
that the composition of the maps in (84) coincides with the map u in (73). This is sufficient to
conclude that our construction via rigidificators (or equivalently via the relative Picard functor)
is Shafarevich’s duality on the prime-to-p parts.
With notation as in (53), observe that the n-multiplication on AK factors through EK so
that we have a homomorphism γ : EK → AK , with kernel nEK such that γ ◦ α = n. Consider
the sequence in (67). We have a diagram with exact rows
0 // µn // nE
D
K
//

Ext1(AK ,Gm)
n //
γ∗

A′K
// 0
0 // µn ∼= Hom(EK ,Gm) // V ∗xK
// Ext1(EK ,Gm)xK // A
′
K
// 0.
Indeed nE
D
K
∼= Hom(nEK ,Gm) maps canonically to V ∗xK
∼= Mor(xK ,Gm,K); hence nA′K maps to
the torus TK := V
∗
xK/µn in (68). The push-out of the exact sequence 0→ nA
′
K → A
′
K → A
′
K → 0
along nA
′
K → TK provides the sequence (68) and the homomorphism γ
∗ sends a Gm-extension
of AK to its pull-back along γ endowed with its canonical trivialization along xK , induced by the
canonical trivialization along nEK . Moreover, the boundary map ∂ : nA
′
K(K) → H
1(K,µn) (of
finite groups) is the composition of ν : nA
′
K(K)→ TK(K) with the boundary map h : TK(K)→
H1(K,µn), i.e.,
(86) ∂ = h ◦ ν.
Recall furthermore that the kernel of the n-multiplication on A′ is a quasi-finite group scheme
over OK whose finite part is an e´tale finite group scheme over OK of order prime to p, hence
constant, because OK is strictly henselian. On the level of Serre pro-algebraic groups we then
have a diagram with exact rows
0 // nA
′(OK) //
ν

Gr(A′) //
α∗

Gr(nA′)

// 0
0 // Gr(T ) // Gr(j∗Ext
1(EK ,Gm)xK ) // Gr(A
′) // 0
Since the vertical map on the left factors through a map νft : nA
′(OK) → Gr(T
ft), the ho-
momorphism uft : π1(Gr(A
′)) → π0(Gr(T
ft)) = π0(Gr(T ))tor in (73) factors through the map
δ : π1(Gr(A
′))→ nA
′(OK) in (85) and hence
uτ
(84)
= ∂ ◦ δ
(86)
= h ◦ ν ◦ δ = π0(h
ft) ◦ π0(ν
ft) ◦ δ = π0(h
ft) ◦ uft = u,
i.e., the homomorphism u : π1(Gr(A
′)) → Z/nZ in (73) coincides with that in (84). Thus we
have
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Proposition 4.5.1. Let K be a complete discrete valued field with algebraically closed residue
field and AK an abelian variety over K. Then the homomorphism Ξ in Proposition 4.3.3 coin-
cides with Shafarevich’s duality H1fl(K,AK)
∼
→ Hom(π1(Gr(A
′)),Q/Z) (see (8) and [2], Theo-
rem 3), on the prime-to-p parts.
The comparison for the p-parts in the equal positive characteristic case is still open.
5 Comparison between (5) and (8)
In this last section, we return to the study of torsors under an elliptic curve AK , and we examine
the relation between the fundamental short exact sequence (2) of Serre pro-algebraic groups with
Shafarevich’s duality of abelian varieties. Let n ≥ 1 be an integer and XK a torsor under the
elliptic curve AK of order d dividing n. Let X denote the S-proper minimal regular model of XK .
Thanks to Corollary 3.4.4 we are provided with a short exact sequence of Serre pro-algebraic
groups
0 −→ Z/dZ −→ Pic0(X)
q
−→ J(S) −→ 0(87)
by sending 1¯ ∈ Z/dZ to OX(D) ∈ Pic0(X). If we push out this short exact sequence by the
canonical map
Z/dZ −→ Z/nZ, 1¯ 7→
n
d
· 1¯,(88)
we get an element, denoted by Φn(XK), of the group Ext
1(Gr(J),Z/nZ) of extensions of the
pro-algebraic groupGr(J) = J(S) by the constant group Z/nZ. Recall that by Lemma 2.1.1 (i),
there is a canonical isomorphism of elliptic curves ι : A′K
∼
−→ JK , thus the group Gr(J) does not
depend on the torsor XK . In this way we get the following canonical map of sets:
Φn : nH
1
fl(K,AK) −→ Ext
1(Gr(J),Z/nZ).(89)
Motivated by the isomorphism (7), one might ask if this morphism is always an isomorphism.
Our strategy in studying this question is to relate the above construction to Shafarevich’s pairing
in (8) by using our new construction in § 4.4 as an intermediate bridge.
5.1 Some set-theoretical considerations
We begin with the following lemma, which follows from Lemma 2.0.1.
Lemma 5.1.1. The schematic closure Y in X of any closed point xK of XK provides a rigidi-
ficator of the Picard functor PicX/S.
Proof. We need only verify the injectivity of the map H0(Xs,OXs) → H
0(Ys,OYs) (Corol-
lary 2.2.2 of [21]). More generally, we will prove by induction on n that the canonical morphism
H0(Xn,OXn)→ H
0(Yn,OYn) is injective, where Yn := Y ×X Xn. Let Y be defined by the ideal
sheaf J . Then Yn is defined by the ideal sheaf I
n + J . Let us begin with the case n = 1:
by Lemma 2.0.1, we know that H0(X1,OX1) = k. Let ε ∈ H
0(X1,OX1); then ε is a global
function on X1 and so is constant. As a result, the image of ε in H
0(Y1,OY1) is zero if and only
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if ε = 0 that is, the morphism H0(X1,OX1)→ H
0(Y1,OY1) is injective. In order to complete the
induction, consider the following diagram of sheaves over X
0 // I
n
In+1
//

OX
In+1
//

OX
In
//

0
0 // I
n+J
In+1+J
// OX
In+1+J
// OX
In+J
// 0
where H0(X, OXIm ) = H
0(Xm,OXm) and H
0(X, OXIm+J ) = H
0(Ym,OYm). Hence we need only
establish the injectivity of the morphism
H0
(
X,
In
In+1
)
−→ H0
(
X,
In + J
In+1 + J
)
.
Observe first that I
n
In+1
∼= In ⊗OX
OX
I . Hence
H0
(
X,
In
In+1
)
∼= H0
(
X,In ⊗OX
OX
I
)
= H0 (X1,I
n|X1) .
Furthermore, consider the map I
n
In+1 ⊗OX
OX
I+J →
In+J
In+1+J that, on sections, maps a¯ ⊗ b¯ to ab.
It is well defined and surjective. Since I is invertible, Y is integral and Y 6⊆ X1, so our map is
also injective. In particular, we find
In + J
In+1 + J
∼=
In
In+1
⊗OX
OX
I + J
∼= In ⊗OX
OX
I
⊗OX
OX
I + J
∼= In ⊗OX
OX
I + J
.
Hence
H0
(
X,
In + J
In+1 + J
)
∼= H0
(
X,In ⊗OX
OX
I + J
)
= H0 (Y1,I
n|Y1) .
We are then reduced to proving that the restriction map
H0 (X1,I
n|X1) −→ H
0 (Y1,I
n|Y1)
is injective. Since I is an invertible sheaf, according to Lemma 2.0.1, the first group is trivial or
its consists of constant functions; hence the result follows.
Corollary 5.1.2. Let xK = Spec(K
′) be a closed point of XK with K
′/K a finite separable
extension of degree d (see Lemma 4.3.1), and let Y := {xK} ⊂ X be the schematic closure of
xK . Then the subscheme Y →֒ X of X is a rigidificator of the Picard functor PicX/S. Moreover,
the scheme Y is regular.
Proof. The first statement follows directly from Lemma 5.1.1. Now, Y is a local scheme since
OK is complete. Let y be the closed point of Y . Since Y is of degree d over S we have Y ·Xs = d.
Furthermore, Xs = dD as divisor of X, hence Y ·D = 1 and Y cuts D transversally at y. Let A
be the local ring of X at y. Let f (respectively g) be a local equation around the point y which
defines Y (respectively D). Then the local ring A/(f, g) is of length 1, hence it is isomorphic
to k. As a result, (f, g) is a system of parameters of the two dimensional regular local ring A.
Therefore, Y and D both are regular at the point y. Thus the scheme Y is regular.
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In the following, let Y be the rigidificator given in Corollary 5.1.2. We will use notation as in
§ 1.1 and § 3. In particular, G = (PicX/S , Y )
0 is the identity component of the rigidified Picard
scheme (PicX/S , Y ), and we have the following canonical map
r : G = (PicX/S , Y )
0 −→ Pic0X/S
that forgets the rigidification. Let N be the kernel of the morphism r. In general, this fppf-
sheaf N is not representable, but it has representable fibres. Following § 3.4, let H = NK →֒
(PicX/S , Y )
0 = G denote the schematic closure of NK in G; it is representable by a flat S-group
scheme of finite type. Then the fppf quotient G/H gives us the identity component J of the
S-Ne´ron model of the Jacobian JK = Pic
0
XK/K
of the curve XK/K, and one has the following
exact sequence of S-group schemes:
0 −→ H −→ G
θ
−→ J −→ 0.
which induces an exact sequence of abstract groups (§ 1.1):
0 −→ H(S) −→ G(S) −→ J(S) −→ 0.(90)
On the other hand, by definition, we have another exact sequence of sheaves, which is exact for
the e´tale topology (since (9) in § 1.1 is exact for the e´tale topology):
0 −→ N −→ G
r
−→ Pic0X/S −→ 0.
Since S is strictly henselian, the latter sequence induces the following short exact sequence of
abstract groups:
0 −→ N(S) −→ G(S) −→ Pic0(X) −→ 0.(91)
On combining (90) and (91), we get the following commutative diagram of abstract groups with
exact rows:
(92) 0 // N(S) // _

G(S) // Pic0(X) //

0
0 // H(S) // _

G(S) // _

J(S) // _

0
0 // N(K) // G(K) // Pic0X/S(K)
// 0
where the lower sequence is exact on the right because NK is a torus, the upper vertical map
on the right is surjective ([5], 9.5/2) and the remaining vertical maps are all injective.
5.2 The pro-algebraic nature of diagram (92)
For n ∈ Z≥1, as in §1.2 we put Sn = Spec(OK,n) = Spec(OK/πnOK) and let Rn denote the
Greenberg algebra associated with OK,n (Appendix A of [14]). The aim of this subsection is to
show, with the help of Greenberg realization functors, that the diagram (92) is pro-algebraic in
nature.
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First, the sheaf H is representable by an S-group scheme separated of finite type. Hence its
Greenberg realization Grn(H) is representable by a k-scheme of finite type (§ 1.2) and we have
the following short exact sequence:
0 −→ Grn(H) −→ Grn(G) −→ Grn(J) −→ 0.
For the right exactness, we need only prove that the map Grn(G)→ Grn(J) induces a surjective
map on the groups of k-rational points, i.e., that the morphism of group G(Sn) → J(Sn) is
surjective. This last statement follows from the surjectivity of the maps θ(S) : G(S) → J(S)
(see § 1.1 last paragraph) and J(S)→ J(Sn). On passing to the projective limit of the associated
perfect group schemes, one obtains an extension of Serre pro-algebraic groups
0 −→ Gr(H) −→ Gr(G) −→ Gr(J) −→ 0
which says that (90) is pro-algebraic in nature.
Next, we consider the fppf sheaf N . Let us first remark that for any k-algebra A, by consid-
ering the OK,n-algebra Rn(A), we have the following exact sequence of groups:
0 −→ N(Rn(A)) −→ G(Rn(A)) −→ Pic
0
X/S(Rn(A)).
Let Grn(N) be the fppf sheaf associated with the pre-sheaf A 7→ N(Rn(A)). By taking the
associated fppf sheaves, we get the following exact complex of algebraic k-groups (where the
representability of Grn(N) follows from the representability of the last two functors by smooth
k-group schemes):
(93) 0 −→ Grn(N) −→ Grn (G) −→ Grn(Pic
0
X/S).
By taking the k-rational points, we get the usual exact sequence
0 −→ N(Sn) −→ G(Sn) −→ Pic
0
X/S(Sn) −→ 0
which is exact on the right since OK,n is strictly henselian. So the complex (93) is in fact a
short exact sequence of algebraic k-groups. Now, by taking the projective limit with respect to
n in the sequence of perfect group schemes associated with (93) we get a short exact sequence
of Serre pro-algebraic groups:
0 −→N(S) −→ Gr(G) −→ Pic0(X) −→ 0.
Finally, the group scheme NK is a torus, Pic
0
XK/K
∼= A′K is an elliptic curve and GK =
(PicX/S , Y )
0
K is a semi-abelian variety; hence they all admit Ne´ron models over S, which will
be denoted by N , A′, and G respectively; in particular they are smooth group schemes over S.
Moreover, according to Remark 4.3.2, the S-group schemes N , A′ are of finite type over S, and
hence the same holds for G.
By the Ne´ron mapping property we have the following two canonical maps
fG : G −→ G, and fA : J −→ A
′.
As a consequence, the morphisms
G(S) −→ G(K) = G(S), and J(S) −→ Pic0X/S(K)
∼= A′(S)
in diagram (92) come from the morphisms of Serre pro-algebraic groups
Gr(G) −→ Gr(G), and Gr(J) −→ Gr(A′)
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induced by fG, fA. This implies the existence of a morphism of pro-algebraic groups
α : H(S) −→N(K) = Gr(N )
which realizes the lower left vertical inclusion in (92). Summarizing, we have that (92) comes
from a commutative diagram (with exact rows) of Serre pro-algebraic groups
(94) 0 //N(S) //

Gr(G) // Pic0(X) //

0
0 //H(S) //
α

Gr(G) //

Gr(J) //

0
0 //N(K) // Gr(G) // Pic0X/S(K)
∼= Gr(A′) // 0
5.3 Comparison
We deduce from (94) a commutative diagram of profinite groups:
(95) π1 (Gr(J))
∼ //

π1 (Gr(A
′))

π0 (H(S))
π0(α) // π0 (N(K))
The upper arrow is an isomorphism because by Lemma 2.1.1 we have a canonical isomorphism
A′0
∼
→ J , hence Gr(A′)0
∼
→ Gr(J).
In order to give an explicit description of the morphism π0(α), recall first of all that the
group of connected components π0 (N(K)) ∼= π0(N ) is isomorphic to Z/dZ (cf. Remark 4.3.2
and (79)), with identification given by
β : π0 (N(K)) −→ Z/dZ, class of π
′ in NK(K) = k(xK)
∗/K∗ 7→ 1¯
where π′ ∈ k(xK) is a uniformizer. Furthermore, the class of π
′ in NK(K), viewed as element
of G(K) = (PicX/S , Y )
0(K) (see § 1.1), is the trivial line bundle on XK with the rigidification
on YK given by the multiplication by π
′.
Second, the component group of H(S) is also Z/dZ. Indeed our group scheme H coincides
with the one denoted by H1 in [16], pp. 18–21. We then have the following exact sequence
V ∗Y (S) −→ H(S) −→ Z/dZ −→ 0,
(loc. cit., Theorem 3.5) where the first map is the natural factorization of V ∗Y → N →֒ G :=
(PicX/S , Y )
0 through H →֒ G (since VY is flat over S), and the second map is defined by
γ : H(S) −→ Z/dZ,
(
OX
(m
d
Xs
)
, a
)
7→ m¯ ∈ Z/dZ.
(see [16], 3.5). Applying the perfect Greenberg functor to the morphisms V ∗X → V
∗
Y → G one
sees that the map γ is of pro-algebraic nature and we write:
π0(γ) : π0 (H(S))
∼
−→ Z/dZ
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Lemma 5.3.1. The following diagram
(96) π0 (H(S))
π0(α) //
π0(γ)≀

π0 (N(K))
β≀

Z/dZ
1¯7→−1¯ // Z/dZ
commutes. In particular, the morphism π0(α) is an isomorphism.
Proof. Recall that D denotes the vertical divisor 1dXs. Since the map H(S) → N(K) sends
(OX(−D), a) to its generic fibre, and the generic fibre of OX(−D) is trivial, we are reduced to
verifying that a rigidification on YK can be given by multiplication by the uniformizer π
′, and
that this rigidification extends to a rigidification of OX(−D) on Y .
Now consider OX(−D). This gives us an ideal sheaf of OX . Recall that Y is regular
(Corollary 5.1.2), hence Y = Spec(R′) with R′ a complete discrete valuation ring whose field of
fractions is K ′ := k(xK). Next, we claim that the intersection of Y and D, viewed as a divisor
of Y , is defined by the equation π′ = 0. In fact, let y ∈ Y be its closed point, and consider
the local ring OX,y which is regular of dimension 2. Let r ∈ OX,y (respectively t ∈ OX,y) be
a defining equation of Y (respectively of D) around y ∈ X. Since Xs = dD as divisor of X,
we have (π) = (td) ⊂ OX,y. By definition, Y/S is of degree d; it follows that the intersection
number in X
Y ·Xk = ℓ(OX,y/(r, π)) = ℓ(OX,y/(r, t
d)) = ℓ(R′/(t′)d)
is equal to d, with t′ the image of t in R′ = OX,y/(r). This implies that t
′ is an uniformizer of
R′ (and the maximal ideal of OX,y is generated by r and t). Hence t
′ = u′π′ with u′ ∈ R′ a
unit. As a result, the intersection Y ∩D is defined by the equation t′ = 0, or equivalently, by
the equation π′ = 0 in Y .
So by the claim, we have OY (−D∩Y ) = (π
′). We get in this way a rigidification of OX(−D)
along Y
a : R˜′ = OY −→ OX(−D)|Y = (π
′), 1 7→ π′,
with R˜′ the coherent module associated with R′. Now, if we restrict to the generic point, we get
aK : K˜ ′ = OYK −→ OX(−D)|YK = (π
′) = K˜ ′, 1 7→ π′.
Now, on forgetting the rigidifications, we have the following exact sequence of Serre pro-
algebraic groups
0 //H(S) //
γ′

Gr(G) //

Gr(J) // 0
0 // < OX(D) > // Pic
0(X)
q // Gr(J) // 0
,
where γ′ is given on k-rational sections by
(
OX(
m
d D), a
)
7→ OX(
m
d D), and the vertical map in
the middle is given by (L, a) 7→ L. Hence, if we identify the kernel < OX(D) > of q with Z/dZ
by sending OX(D) to 1¯ ∈ Z/dZ, we get the extension of pro-algebraic groups:
(97) 0 −→ Z/dZ −→ Pic0(X) −→ Gr(J) −→ 0,
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and this will give us an element of Ext1 (Gr(J),Z/dZ), which is canonically isomorphic to
Ext1
(
Gr(A′0),Z/dZ
)
. By construction the map γ′ : H(S)→< OX(D) >∼= Z/dZ is the compo-
sition of H(S)→ π0(H(S)) with π0(γ) : π0(H(S))→ Z/dZ. Hence the commutativity of (96)
and (95) implies that the extension (97) is the opposite of the extension obtained from lower
exact sequence in (94) by taking first the push-out along N(K) → π0(N(K)) ∼= Z/dZ and
then the pull-back along the canonical map Gr(J)→ Gr(A′). We can summarize these facts as
follows:
Proposition 5.3.2. The extension (97) is the opposite of the extension obtained from the ho-
momorphism (78) via the canonical isomorphisms
Hom
(
π1
(
Gr(A′
)
,Z/dZ
) ∼
←− Ext1
(
Gr(A′0),Z/dZ
) ∼
←− Ext1 (Gr(J),Z/dZ) .
The minus sign depends on the choice of the isomorphism < OX(D) >∼= Z/dZ.
Corollary 5.3.3. Let AK be an elliptic curve and J the identity component of the Ne´ron
model A′ of the dual elliptic curve A′K over S. Let n ∈ Z≥1. The map Φn : nH
1
fl(K,AK) →
Ext1(Gr(J),Z/nZ) in (89) is an injective morphism of groups, which is an isomorphism if one
of the following conditions is verified:
• The field K has characteristic 0.
• The integer n is prime to p.
If one of the above conditions is satisfied, then the composition of Φn with the isomorphism
Ext1 (Gr(J),Z/nZ)
∼
→ Hom (π1 (Gr(A
′)) ,Z/nZ) coincides with the restriction of Shafarevich’s
duality (8) to the n-parts.
Proof. In view of the previous Proposition and results in § 4 (Theorem 4.4.1 and Proposi-
tion 4.3.3) only the injectivity requires verification. Since, there is no non-zero morphism from
the connected pro-algebraic group Gr(J) to a constant finite group, the canonical map (88)
induces an injective maps between the group of extensions
Ext1(Gr(J),Z/n′Z) −→ Ext1(Gr(J),Z/nZ)
when n′|n. Hence, we only need to show that, for XK a torsor under AK of order d, the extension
(87) is non-zero in Ext1(Gr(J),Z/dZ) unless d = 1. Since the pro-algebraic group Pic0(X) is
also connected, extension (87) is split if only if d = 1, and this fact implies that the torsor XK
is in fact trivial.
Remark 5.3.4. The problem of extending the above Corollary to the p-parts in the equal
characteristic case reduces to showing that Ξ in Proposition 4.3.3 is always an isomorphism, for
example, by checking that it coincides with (8) on the p-parts too. Although we have partial
results in this direction, for example in the case of abelian varieties with totally degenerate
reduction, a full answer is not yet at hand.
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